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ORTHOCENTRIC PROPERTIES OF THE PLANE n-LINE* 
BY 
F. MORLEY 


In continuation of a memoir in these Transactions (vol. 1, p. 97) I con- 
sider the problem : 

To find for n lines of a plane natural metrical analogues of the elementary 
facts that the perpendiculars of 3 lines meet at a point (the orthocenter of the 
8-line) and that the orthocenters of the 3-lines contained in a 4-line lie on a line. 

I apply first to the special case of a 4-line the treatment sketched in §7 of 
the memoir cited ; this affords suggestions for the general case. 


§1. The Deltoid. 


To discuss with the minimum of trouble the metrical theory of a 4-line we 
should take, according to our purpose, the lines as tangents either of a parabola 
or of a hypocycloid of class three. We want here the latter curve. As it is to 
most geometers an incidental stationary thing and not a weapon, I will treat 
it ah initio. And as it is at least as good as other curves which have a given 
name I will call it a deltoid. It is hardly necessary to remark that it is the 
metrically normal form of the general rational plane curve of class three with 
isolated double line. ; 

Denote by ¢ a turn or a complex number of absolute value 1; and think of ¢ 
as a point on the unit circle. We consider three points ¢,, ¢,, ¢, on the circle 
subject to the condition 
(1) 8, =¢,t,t,=1. 


With this triad we associate a point x by the equation 
(2) 
which carries with it the conjugate equation 
y =1/t, + 1/t,+ 1/t, = t,t, + t,t, =s,. 


We have from (1) and (2) 
(3) x=t,+t,+1/t,t,. 
* Presented to the Society at the Evanston meeting, September 2-3, 1902. Received for pub- 


lication September 3, 1902. 
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Herein let ¢, be fixed, ¢, variable. Since x =¢+1/t is that simplest of all 
hypocycloids, the segment of a line, so also is (3) the segment of a line, of con- 
stant length 4, with center ¢, and ends where 


D,, x = 0 
or 


or 
emt +2/Vt,. 


When ¢, varies, the deltoid is described by the motion of this variable segment ; 
the ends move on the curve, and the segment touches the curve. And any point 
inside the curve is given by (3) as the intersection of 2 segments; the points of 
the curve itself are given when the segments are brought to coincidence, that is, are 


(4) 2¢+1/¢. 


This equation expresses that while a point 2¢ is describing a circle of radius 
2 another point x moves round it with an angular velocity opposite in sense 
and twice as great; thus the cycloidal nature of the curve is apparent. 

A point of the curve and also a line of the curve is named by its parameter 
t; thus the point t of the curve is given by (4), and the line ¢ from (1) and (2) by 


(5) ef? —yt=t—1. 


x and y being always conjugate coordinates. 
Now two lines ¢, and ¢, meet at 


+t,+1/t,t,. 
Symmetrize this equation for 3 lines of the curve by writing it 
(6) v= 8,—t, + t,/8,. 


Omitting the suffix of ¢, we have the map-equation of the circumcirele. Hence: 
The circumcenter of the 3-line is s,, and the cireumradius is |1 —1/s,| or 
| 8; 

The mean point of 


ti+t,+1/t,t, and 
is 
m=%[s, +t, +(s,—t,)/8,]- 


Hence the center of the circle which bisects the sides, the Feuerbach or nine- 
point circle, is 


(7) c= 4(s, + 8,/8,). 


1903] OF THE PLANE n-LINE 3 


The perpendicular from ¢, + ¢, + 1/t,t¢, on the line ¢, is 
xt, + y t,(¢, + t, + 1/t,t,) + 1/t, 1/t, + t,t, 8, + t, 8,/8,. 
Hence the orthocenter is 
p= 8,/85, 
as could of course be inferred from the fact that 


orthocenter + cireumcenter = 2 x Feuerbach center. 


Since then |p| =|s,| we have: 


THEorEM 1. The center of a deltoid, of which three lines are given, is 
equidistant from the circumcenter and orthocenter of the 3-line. 

The centre of the deltoid which touches 4 lines is thus determined as the 
intersection of 4 lines, one for each of 3 of the given 4. 

The Feuerbach center for 3 of 4 lines is given by 


2c =(s,—¢,)(1+4,/s,), (s for 4), 


s, and s, being replaced in (7) by symmetric functions of ¢,, t,, t,, ¢,. Thus 
the 4 such centers are included in 


2x =(s,— t)(1+ ¢/s,), 


whose conjugate is 
2y = (8,/8,—1/t)(1 + s,/t) + t/s,). 


But 


Therefore 
2(te + y) =s8,(1 + t/s,), 
a line through 4s,/s,, perpendicular to the line ¢ of the curve. Hence 


THeorEeM 2. Jf from the Feuerbach center of any 3 of 4 lines a perpen- 
dicular be drawn to the remaining line, the 4 perpendiculars meet at a point, 
namely 3s,/s,. 

§ 2. Extension to the n-line. 


1 employ now the notation of § 2 of the memoir cited, namely I write a 


line 7, in the form 


Denote the characteristic constants by a,, 


| 
| 
| 
| 
| 
| 
| 
| 
i 
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and their conjugates by 5,, so that 


where s, = ¢,t, --- ¢,, and in general s, = > ¢,t, --- ¢, for n t's. 

The cireumeenter of a 3-line is a,. The mean point of the joins of /,, 7, and 
1,, 2, is given by 

(2¢, — + t,) a,t, ( 2¢, t,) at, (2t, t,) 
= ~ — 

(t, —t,) (4, 


and therefore the nine-point circle is 


(8) 2m = 2a, — 8,a, + a,t, 


and its center is 4 
2c = 2a, — s,a,. 

Hence the orthocenter is 

(9) p= —a,=a,— 8,4,. 


The line about the points a, and p (which is the locus of centers of inscribed 
deltoids) is, when 7 is any turn, 


(10) 
This for 3 of 4 lines is 
— da, +ta,+(8s,—t)(a,—ta,) = (x—a, + ta,)T, 
or da, + 8,a,—t(s,—t)a,= [x 


Now since for 4 lines a,/a, is a turn we can equate ta, to a,7; that is, whatever 
turn ¢ may be, the line passes through the point 


(11) P, = 4, — 


This is then the center of the inscribed deltoid of the 4-line. 
For 4 of 5 lines this point is given by 


p=4, — ta, — (8, —t)(a,— ta,) = a, — 8,4, + t( 8, —t)a,, 


or the conjugate equation 


8, 1/s, 1 8, 8, 


55 5 


But for 5 things 


| 
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Therefore 

(12) t(p—a,+ 8,a,)—(q —8,a, + 8,a,) = (ts, — 8,)a,, 

that is, the line joining the p of 4 lines to the point a, — s,a, + s,a, is per- 


pendicular to the remaining line; or 


THEOREM 3. Jf from the center of the inscribed deltoid of 4 of 5 lines a 
perpendicular be drawn to the line left out, the 5 perpendiculars meet at a 
point ; namely the point 

Pp, 4, — 8,4, + 8,4. 


Call this point the first orthocenter of the 5-line. 
For 5 of 6 lines this point is 


a= a, — ta, —(8,—t)(a, — ta,) + (8, — ts, + (a, — 


= a, — 8,4, + 8,a, —t(s,—ts,+ 


= p, —t(s, — ts, + t)a,, 


or, if the conjugates be written, 


Y=%+ (s,/t + 8,/0) a,. 
But for 6 things 


— ts, + ts, — + s,/t—s,/ + s,/?=90. 
Hence 
(13) a, a, = 835 


that is to say 

THEOREM 4. The first orthocenters of the 5-lines included in a 6-line lie on 
a line. 

The argument is clearly general, so that if the point p, = a, — s,a, + 8,a, be 
constructed for a 6-line, the perpendiculars from such point for 6 of 7 lines on 
the line left out meet at a point, and for 7 of 8 lines these points lie on a line; 
and soon. Briefly, we have found an orthocenter for an odd number of lines, a 
directrix for an even number. 


§ 3. Construction of a series of points. 


The points to which attention is thus directed belong, for a given n-line, to 
the series 
(14) Po = 4, —8,4,, = — 8,4, + 8,4,, ete. 


Their construction is merely a matter of centroids, or centers of gravity. For q 
we regard as known in an n-line: 


4 
| 
| 
| 
| 
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a,, the center of the center-circle , 


a, — t,a,, the n such points of the (m — 1)-lines, 


n ° 
a, — (t,+4,)a,+ t,t, a,, the ( such points of the (m — 2)-lines, 


and taking the centroid of each set we have a,, 7,, 9,... where 


ng, = na, ay, 


(3) (3) ) sa + (n—2) 8,0, — 


a,—(n—1)s8,4,+ 8,4,, 


whence the p’s are easily constructed. It will be noticed that the last equations 
cease to be independent of the origin when a, itself makes its appearance; thus 
g,,, 1s the centroid of the points x,, the reflexions of the origin in the x lines. 
Hence also p,_, is a point dependent on the origin, not a point of the n-line 
itself. 

But a more vivid construction is indicated by the process by which p, for a 


4-line was deduced (p. 4) from a, and p, for a 3-line. It will be clear on con- 


1 


structing p, for a 5-line. 
We write as before (eq. 10), for a 4-line, 


and extend this to a 5-line, observing that p, for 4 is p, + ¢(s, —¢) a, for 5. 
Thus the extended equation is 


e—p,—t(s,—t)a,=(x—a, + ta,)z= {x—p,—(s8,—t)a,}z. 
If za, = ta,, we havex=p,. Let then |z|=|a,/a,|. That is, if we divide 
the known points p, and a, of 4 of 5 lines in the ratio |a,/a,|, where the con- 
stants a, refer to the 5-line, the 5 such circles meet at the point, 


P= 4 — 8,%- 


And p, being now known for a 5-line, we have a similar statement for a 6-line, 
whence p, is known in general. But again we know p, and p, fora 5-line. 
Write for n — 1 lines 


(2 — p,)z, 
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and extend this. We have for an »-line, 


p, + t( 8, — ts, + ?)a,= t(s,—t)a,}z 
= p, + ts, a, 


whence, as before, the point p, of the n-line has its distances from the points 
p, and p, of any included n —1 lines in the fixed ratio |a,/a,}. And so in 
general : 

THeorEeM 5. The point p, of an n-line has its distance from the points 
p, and of an included (n —1)-Jine in the fived ratio | 
this fixed ratio is unity when 


u—le 
Sn +1—a? 


Since b, = (—) 


or 
a+1=jn, 


that is, in a 2n-line the point p,_, is equidistant from the points p,_, and p,_, 
of any included (2 — 1 )-line. 


as known, we have in Theorem 5 a construction for 


Regarding the lengths | a, 
the points p, for n-lines, when the points p, for (n — 1)-lines are known. 


$4. The curve 

The peculiar appropriateness of the deltoid for the metrical theory of four 
lines makes it desirable to have an analogous curve for 2n-lines. Such a 
curve is 

+1 —2 


— yt") = 8, 
(16) 


where c, and ¢,,_,_, are conjugate. This is a curve A*—' of class 2n —1, 


order 2x, with a line equation of the type 
(17) £"»" = form in &, n of order 2n — 1. 


For clearness I will take the case n = 3, next to the case n = 2 of §1; the 
generalizations are immediate. 
Any 6 lines are lines of a curve A’, 


(18) 
The map-equation of the curve is 


(19) —x= + 2t-* —(28,t —s,t-*). 


Thus the curve is derived by addition from 2 concentric cycloids. 


7 
| 

| 

| 
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So A*-' is derived by addition from » — 1 concentric cycloids; those points 
being added at which the tangents are parallel. 
Let the common center of the cycloids be called the center of A 


2n—1 


The cusps of A’ are given from (19) by 


— 2(s,—s8,¢°)=0, 
or 
8(°—1)=s,t'— 


Hence the cusp-tangents are such that 


(20) 3 — yt’) = 2(s,t'—s,t), 
that is: 
There are 5 cusp-tangents of A’; they touch a concentric A*. And so 
THeEorEM 6. There are 2n — 1 cusp-tangents of A**-'; they touch a concen- 
tric 
Consider the common lines of A’ and any A’, 


at? — yt = at? + Be — yt — 8. 


There are 5 common lines, and they are given by 


(21) +t(a+ —yt—8)=0. 
Hence the center of the A’ is 
B = p t t, = 8, 

where 
that is, the center of the deltoid touching 4 lines of A’ is 
(22) x= 8,+ (s for 4). 
The perpendicular on a fifth line of A’ is 

at + y = t(s,+ 8,/8,) + 8,/8,+ 8, aa 8, + 8,t/s, (s for 5). 


Hence the first orthocenter of 5 lines is s,/s 


For 5 of 6 lines this point is 
a= — ts, + 8,)t/s, 
s,/0 s,/¢ + s,/t, 


whence the 6 first orthocenters lie on the line 


(23) 8a + y= 8,. 


or 
} 
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The line of A* perpendicular to a fifth line of A’ is 


at? + yt +a — BP —yt+5=0, 
where 
B= s,, Y = 83, c,—d=8,, 
or is 


act? + yt + (¢, + 8,/8,)¢ — (8, s,/8,)t 
+¢,—8,—8,/s,=90 (s for 4), 

or 
(24) yt+e,P—s,0 (s for 5). 
That is: 

THeoREM 7. Jf of the deltoid touching any 4 of 5 lines we draw the line 
perpendicular to the omitted line, the 5 perpendiculars touch a deltoid. 

The center of this deltoid is s,. The first orthocenter was s,/s,. These are 
strokes of equal size. Hence: 


THEOREM 8. The locus of centers of curves A° of which 5 lines are given 
is aline. And so for A”. 

The curve A**-' does then for 2n lines precisely what the deltoid A* does for 
4 lines; it replaces Clifford’s n-fold parabola for metrical purposes. We have 
proved by its means the theorems of $2 over again with additions; in par- 
ticular we have assigned a meaning to the point p, of a 5-line or p,_, of a 
(2n —1))-line, for this is readily identified as the point s, of 5 lines of A’ or 
s,_, of 2n —1 lines of A*-'. But at present I regard the use of this curve 
as more limited than the method of the a’s, to which I now return. 


§5. The second circle of an n-line. 


A curve of order x, whose highest terms in conjugate coordinates are 
tx” + y", 


has its asymptotes apolar to the absolute points J/, that is, these asymptotes 
form an equiangular polygon. Such a curve depends on $n(n+1)+1 con- 
stants, and therefore a pencil can be drawn through 4n(n-+1) points in 
general, and the pencil determines n? — 4 n(n + 1 ), or ¢n(n—1) other points. 
In the pencil are the imaginary curves 


and 
y” + * + D'y"'..-=0, 
the pencil itself is 
(25) + y"+(ta+ 


} 


| 
| 
| 

| 
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the polar line of J is 
nte+ta+bh' =0, 


and therefore the polar lines of J and J meet on a circle.* 

Let now the 4(n+1) points be the joins of n +1 lines. We shall call 
the circle the second circle of the (n + 1)-line; the first circle being the center- 
circle (1. ¢., p. 99). 

For a 3-line the second circle is the Feuerbach circle. 

Now calculate the center and radius of the second circle of the n-line 


(a=1,---+,n). 
The pencil is 
A, 


The highest powers arise from 
A 


at, +y’ 
and are to be + so that, if y/x =A, 
(26) A(t, 423 
whence 
t+(— A,(t,— t,)(t, — t,). 
Operating with D*-* on 
we have for the polar line of J 


{t+(—t,)""}t,---¢ 
n—1)tx=ntq_,— n 1 
( ) In-1 '(t, —t,)(t, —t,)--- (4, —4) 


or if 


or since 
t, n—1 
the second circle is 
(27) 8a,/t. 


* Cf. J. H. GRACE, Proceedings London Mathematical Society, vol. 33 (1900), p. 194. 


} 
| 
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Hence its radius is 


1 
1. @,|, Or: 
r_o— 1 


sa 


n—1 


THEOREM 9. The radius of the second circle of an n-line is 1/(n—1) of 
the radius of the first circle. 


Also its center is given by 


or explicitly by 


(28) 
Omitting now the nth line we have for the second center of the rest 
whence (n—1l)e—(n—2)c’ =x, —(p,_, —p,_.)- 
Here 
= 4, — ta, — (8, —t)(a,—ta,)+--- 
+ { " 8,_2} ta, ) 


if — 8 ( ) 


nt 
Pant + ( a, 8,/t 
= p,_, — 5,/t. 
Therefore 


But the reflexion 7’ of the first center a, in the omitted line is x, — b, /t,- 


Hence 
(29) 


whence it follows at once that: 

THEOREM 10. Jf from the second center of each (n —1)-line of an n-line 
a perpendicular be drawn to the omitted line, these perpendiculars meet at a 
point ; the point is the external center of similitude of the first and second 
circles of the n-line. 

The point / so found is given by 


(30) 


12 F. MORLEY: ORTHOCENTRIC PROPERTIES OF THE PLANE 7-LINE 


Whereas the orthocenter of § 2 applied only to an odd number of lines the 
present one applies to any number. We have then for an odd n-line two solu- 
tions of our problem, except when n = 3, in which case the points A and p 
coincide. 

But when we have two orthocenters, we have a whole line of orthocenters, 
since evidently a perpendicular to one of the n lines, dividing the join of the 
two known points of the remaining » — 1-lines in a fixed ratio, will divide the 
join of the two orthocenters in the same fixed ratio. 

Thus we have found, for an even number of lines, one orthocenter ; for an 
odd-number of lines, a line of orthocenters ; for an even number of lines, 
one directrix. 


KNOWLTON, P. Q., 
July, 1902. 
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DEFINITIONS OF A FIELD BY INDEPENDENT POSTULATES* 


BY 


LEONARD EUGENE DICKSON 


Introduction. 


The English term field, equivalent to the German term Kérper, has the same 
significance as the terms domain of rationality and realm of rationality, but is to 
be preferred to the latter as a designation for the concept apart from its applica- 
tions. 

The ordinary definition of a field is as follows.+ A set of elements forms a 
field if the elements can be combined by operations called addition and multipli- 
cation, subject to the associative, commutative, and distributive laws, as well as 
by the inverse operations called subtraction and division, the divisor not being the 
unique element having the additive and multiplicative properties of zero ; and 
and if the resulting sum, product, difference, or quotient is uniquely determined 
as an element of the set. A field may therefore be defined by the property that 
the rational operations of algebra can be performed within the field. 

Under the operation addition, the elements of a field form a commutative group ; 
under the operation multiplication, the elements other than zero form a commu- 
tative group. 

The preceding definition involves numerous redundancies since it includes 
various properties which can be deduced from a portion of the properties. The 
present paper gives two definitions free from redundancies. Between the first 
definition, by means of nine independent postulates, and the second definition, 
by means of eleven independent postulates, the same contrast exists as between 
the (second) definition of a group by HuntineTont{ and the definition of a 
group by Moore.§ My second definition of a field has two advantages over 
my first, the greater ease || in deriving the further properties of a field and the 


* Presented to the Society at Evanston September 2, 1902. Received for publication July 
21, 1902. 

+ Compare, MoorE, Mathematical Papers, Chicago Congress of 1893 ; Dickson, Linear Groups, 
p. 5. 

t Bulletin, second series, vol. 9 (1902), p. 389. 

§ Transactions, vol. 3 (1902), pp. 485-492. 

|| To emphasize this point, 1 have derived the desired properties from the two sets of postu- 
lates independently, although either set of postulates is readily derived from the other. 
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suitableness in testing for the field property a given set of elements and laws of 
combination. To test by the first definition, one would naturally test 4’ and 
4” (from which 4 follows, but not inversely) and 8’ and 8” (from which 8 fol- 
lows,,.but rct inversely), for the reason that x in either 4 or 8 might depend 
upon both a and b (compare S, and S, below). 


First Definition of a Field. 

A set of elements with two rules of combination denoted by oand © is called 
a field if the following nine postulates hold : 

1. If a and 4 belong to the set, then aod belongs to the set. 

2. aob= boa, whenever aob and boa belong to the set. 

3. (a0ob)oce=ao(boc), whenever aob, boe, (aob)oc, and ao(boc) 
belong to the set. 

4. For any two elements a and b of the set, there exists in the set an element 
such that (aoxv)ob=b. 

5. If a and b belong to the set, then a 5 b belongs to the set. 

6. ao b=b oa, whenever a 5 b and b © a belong to the set. 

7.(a06)9¢e=a0 (be), whenever a5 b, boe, (a0 b)oe, and 
a2 (6° e) belong to the set. 

8. For any two elements a and 6 of the set, such that* ¢ 5 a+a for 
at least one element c of the set, there exists in the set an element 2 such that 

9. a9 ec), (boc), 
and (a 0 6)0(a 0 ec) belong to the set. 


Properties Derived from the Nine Postulates. 


10. For any two elements a and 6 of the set there exists in the set an element 
y such that aoy=b. 

In view of 4, take x so that(aox)ob=b. Then ao(xob)=b by 3. 
Then y = xob belongs to the set, by 1, and makes aoy=b. 

11. If aoz=a fora particular element a, then bo0z = b for every element 
b of the set. 

In view of 10, take y so that aoy=b. Then yoa=b by 2. Then 
y 0(aoz)=b by hypothesis. Hence (yoa)oz=b by 3, so that boz=b. 

12. Ifaob=aob’, thn b=)’. 

In view of 10, take y so that b-oy=b. Then ao(b’oy)=aob’ by 


* Another definition is obtained by replacing 8 by the postulate: For any two elements a, 
b, such that ¢ 0 a + ¢ for at least one element c, there exists an element x such that (a07)0 b=b. 
In the proofs of independence given below, system S, must now be modified. 


} 

| 
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hypothesis. Then (a0b’)oy=(aob’) by 3. Hence b'oy=6' by 11, so 
that 

13. It follows from 10 and 12 that for any given elements a and b an element 
y is uniquely determined by aoy=b. Hence, by 2, the same element y is 
uniquely determined by yoa=b. 

14. For any two elements a and 6 such that ¢ 5 a + a for at least one ele- 
ment c, there exists in the set an element y such thata 0 y=6. 

In view of 8, take x sothat(ao Then ao (20 by 7. 
Then y = x 2 b belongs to the set, by 5, and makes a 0 y=b. 

15. If ao wu=ai for a particular element a and if ¢ 50 a +a for at least 
one element c, then 6 0 w= 6 for any element b. 

In view of 14, take y so that an y=6. Then yoa=b by 6. Hence 
yQ(aou)=b by hypothesis. Then (yoa)aqu=b by 7. Hence 
bou=b. 

16. Ifaob=aob' andeoas a forat least one element c, then b=)’. 

Let first k 0 6’ + b’ for at least one element k. In view of 14, take y so 
that oy=6. Then ao(b'oy)=aob’ by hypothesis. Then by 7 


(e) 


If eo (ao b’)+(ao for some element c, then 6’ 5 y= follows from 
(e) by 15, so that In the contrary case, eo (a0 6’)=ao b’ for 
every element c. But co by 7 and 
6, and the latter equals 5’ for a suitable value of ¢ by 8. Hence ao b’=0’, 
so that (e) becomes b’ 5 y= b’, whence b= b’. 

Similarly, if k 5 6 + 6 for at least one element £, then b = b’. 

Finally, if o 6’ = 6’ and k 5 b =} for every element k, we take k = a and 
apply the hypothesis, and get b = b’. 

17. We conclude from 14 and 16 that for any given elements a and b such that 
eo a+a for at least one element c, an element y is uniquely determined by 
aoy=b; whence by 6, the same element y is uniquely determined by yoa=b. 

18. Ifcob =e, then lo(a b) =/ for all elements / anda. 

By 9,(ao Hence l/o(ao b)=/l by 
11. 

19. Ifeob=c, then a 6 for every element a. 

By 18 for/=c, co(agb)=e=cob. Thenao by 12. 

20. Ifko(aob)=kandec o a +a for at least one element c, thenlob =1 
for every element /. 

By 19,20 (a0 6)=(a0 b) for every element x. But 
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by 6 and 7. In view of 8, take x so that(aov)oOb=6. Thenb=aob. 
Applying the hypothesis, :ob=k. Hencelob=/ by 11. 

21. Ife for every c, then oa =/ for every 

By 6,a0ce=a. Then by 9forb=c,a=aoa. Henceloa=/by 11. 


Consistency of the Nine Postulates. 


There exist sets of elements with two rules of combination ao and ao b 
for which the nine postulates hold. We may take as elements all the rational 
numbers and takeaob=a+b,agnb=axb. Again, we may take as ele- 
ments 0, 1, 2,---, » — 1, where p is a prime number, and take aob and ao b 
to be the least positive residues modulo p of a + 6 and a x b respectively. 


Comparison with the Ordinary Definition of a Field. 


When expressed in the terminology used in the ordinary definition of a field, 
the postulates 1-9 and the derived properties 10-21 include all the properties 
required by the ordinary definition. For comparison we write a + b for aob, 
a x 6 fora 0 b, b —a for the unique element y determined by aoy = yoa=b 
(§ 13), b/a for the unique element y determined by a 0 y= y 0 a=), provided 
eo a+a for at least one element ¢(§17). By 11,a—a,b—b,c—e,--- 
all equal the same element z, called a zero. Then a+z=a for every a. 
There is a single zero by 13. By 19, a x z=2 for every a. Hence z has the 
additive and multiplicative properties of zero. If ¢ x a=a for every ¢, then 
a =z by 21, so that there is a single element having the multiplicative property 
of zero. Hence the set is a field according to the ordinary definition given in 
the introduction. 


Independence of the Nine Postulates. 


For k = 1, ---, 9 is exhibited a system S, of elements with rules of combi- 
nation aob and ao b, such that the Ath postulate is not satisfied while the 
remaining eight postulates are satisfied. 

S,. The set of elements 0,+ 1, —1, withaob=a+b,anb=ax b. 

S,. All positive rational numbers, with aob=b,aonb=ax b. 

S,. All rational numbers, with aob= —a—b,aob=ax b. 

Here 3 fails since —(— a— 6) —ce + —a—(—b—c) ingeneral. Postu- 
late 4 is satisfied if we take x = 2b —a. 

S,. All positive rational numbers, withaob=a+b,aonb=ax b. 

S,. The set of all numbers ny 2 in which n is rational, with aob=a+b, 


aob=axb. 


j 

q 
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Here nV 2 0 my 2 = 2mzn is not in the set unleessm=n=0. For 8, 


(nY2o02)0 mV 2 =my2 


is satisfied by = V2 ifn +0. 
All rational numbers, with aob=a+b,aob=6b. 

Here 8 holds but has no content, since ¢c 0 a=a for everyc. [We may 
also take the totality of quaternions with aob=a+b,aob=ax b.] 

S,. All complex numbers a,¢, + a,¢,, where a, and a, take all real values, 


positive, negative, or zero, and 


whileaob=a+b,aonb=axb. 
Evidently postulates 1, 2, 3, 4 are satisfied; 7 is not satisfied, since 


To show that 5, 6, 8, and 9 are all satisfied, we form the product 
(a, ¢, +> a,€,) (5, ¢€, + b,€,) (a, 6, a, b, + (— a,b, a,b, 


Hence, if a = a,¢, + a,¢, and b= b,¢,+ b,¢,, then ab=ba. Given a and ec, 
where a, and a, are not both zero, we can find 6, and b, so that ab = ec: 


a,¢, — 4,¢, — a,c, — a,¢, 
ata? 
1 2 1 2 


It follows readily that 8 can be satisfied. Evidently 9 holds. 

S,. All positive and negative integers and zero, with aob=a-+b and 
aob=axb. [We may also take a complete set of residues modulo n, 
where n is a composite number, ao b and a 0 6 being the residues of a + b and 
a x b respectively. ] 

S,. All rational numbers, withaob=aonb=a+b. [Again, all positive 
rational numbers, with aob=aob=ax b.]} 


Second Definition of a Field. 


A set of elements with two rules of combination designated 0 and © is called 
a field if the following eleven postulates hold: 1, 2, 3, 5, 6, 7, 9, and 

4’. There exists in the set an element z such that. z ob = 6 for every element b. 

4”. If elements z of character 4’ exist, then for some such element z and for 
every element a, there exists in the set an element x for which aoz =z. 


Trans. Am. Math. Soc. 2 


€,€.= —€,, €,€,= — €,, 
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8’. There exists in the set an element u such that uo b=6 for every ele- 
ment b. 

8”. If elements u of character 8’ exist, then for some such element u and for 
every element a such that ¢ 5 a + a for at least one element c, there exists an 
element x for which a 5 =u. 


Properties Derived From the Eleven Postulates. 


22. For any two elements a and 6 of the set, there exists in the set an ele- 
ment y such that aoy=b. 

By 4” take x so that aor=z. Then (aoxr)ob=zob=b. Hence 
ao(r0b)=b6 by 3. Hence y=-zob is an element (by 1) which makes 
aoy=b. 

23. If aob=aob’, then 

Take aoa’ =z by 4". Then a’ oa=z by 2. Hence, by 3 and 4’, 


a’ 0(a0b)=(a' 0a)ob=z0b=b, a’ o(aob’)=0’, b = 


24. Hence, for any given elements a and 5, an element y of the set is uniquely 
determined by aoy = b, and, by 2, the same element y is uniquely determined 
by yoa=b. 

25. For any two elements a and 6 such thate 0 a + a for at least one element 
ce, there exists in the set an element y such that a 0 y=b. 

By 8” take x so thata oO x=u. Then by 7 and 8’ 


Hence y = x 3 6 is an element (by 5) which makes an y =b. 
26. If ao b=aob’ and eo for at least one c, then b= 0d’. 
Take ao «=u by 8”. Then x5 a=u by 6. Hence, by 7 and 8’, 


27. Hence, for any given elements a and b such that ¢ 5 a + a for at least 
one element ¢, an element y of the set is uniquely determined by a0 y=), 
and by 6, the same element y is uniquely determined by y 0 a= b. 

28. If zoa=a for a particular element a, then zob=b5 for every ele- 
ment 

By 22 take y so thataoy=b. Applying 3 and the hypothesis, 


(zoa)oy=b, zo(aoy)=b, zob=b. 


29. If uo a=a for a particular element a and if ¢ 5 a + a for at least one 
element c, then u o 6 = b for every element 6. 
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By 25 take y so thata 0 y=b. Applying 7 and the hypothesis, 
(uoa)oy=b), wo(aoy)=5, wob=b. 


Properties 18, 19, 20, 21 follow as before, noting in the proof of 20 that 8 
can be deduced from 8’ and 8”. 


Independence of the Eleven Postulates. 


A system =, is exhibited such that the postulate & does not hold while the 
remaining ten postulates hold. We take 


=, = 8&,, 


the S, being defined above, and 

=,,. All positive rational numbers, together with zero, with aob=a+b 
anda ob=axb. 

z,- The set of elements 0, 2, —2, with aob and a o 5 the residues modulo 
6 of a+ 6 and a x b respectively. 

=,. The set of elements * z, 7, 8, with the rules of combination : 


z0a=a0z=4, for any a, ros=sor=z2, ror=2z, 808=2, 
roa=aor=4, for anya, 
Evidently 1, 2, 4’, 4”, 5, 6, 8’ and 8” are satisfied. But 3 fails, since 
(ror)os=z0s=s, 
Finally, 7 and 9 are evidently satisfied when a=r or a =z, and, by trial, 


when a=s. 
=,- The set of elements + e and f, with the rules of combination : 


ecOe=e, eof=f, foe=f, fof=e, 


ende=e, eof=f, fof=e, © not in set. 


» Evidently 1, 2, 3, 4’ and 4” (with z =e), 6, 8’ and 8” (with w= e) all hold, 
while 5 fails. Fora=e,7 holds since e 7 b=6 for every 6; for a= /f and 
6 =e, the first member of 7 is not in the set; for a=f,b=/f, the second 
member of 7 is f 0 (f 0 ¢) and is in the set neither fore =e nor fore=f. 
For a =e, 9 is evident; for a=, the cases b = e and c =e have no content ; 
for a= b=c =f, the first member of 9 is f 5 (fof) =f © e, not in the set. 


* Taking r=1, z=0, s=—1, anb=axb, we obtain a multiplicative-field. Hence 7 
holds. 
¢ Taking e=0, f=1, aob—a-+ b (mod 2), we obtain an additive-field. Hence 3 holds. 


| 
1 
2 
= 
4 
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6 
3’ 
S 
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9 
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=,. The set of eight * elements e¢,,,, the suffixes i, j, k being taken modulo 2, 
with 
iin ret itr jtekt+t? 
€no = Son = £10 &100 = fin = Sons 
€n0 = Sono» = Son “on = Sno» = Sou» 
€or = fm = Sin» fm = £10 101 = Sno» 


with relations derived from the last fifteen by interchanging the elements in their 
left members. Since the elements from an additive-field under the operation o, 
postulates 1, 2, 3, 4’ and 4” hold. Evidently 5 and 6 hold ; while 7 fails since 
Also 8’ and 8”(with w= e,,) hold. Finally, 9 is evidently satisfied if a, b, 


orcise,,,orifb=c=e,,. For 


b= C= b = C= b= CH FH C= 


formula 9 becomes, respectively, 


a 


0 


=a0(a0 &,), = A0(A0 


a 


0 


Gn = 40(40 ey), @ = Cy) O(4 Cy). 
From these follow at once (in view of the simple character of the operation o ) 
all the remaining cases of 9. In this manner 9 is readily seen to hold. 


THE UNIVERSITY OF CHICAGO, 
July 19, 1902. 2 


*Smaller sets forming additive-fields with respect to the operation © do not lead to a system 
Thusthe pelementse;, whereiis taken modulo p, with e,0¢=ei4;and 
for every a and a particular ¢;, and with 6 and 9 satisfied, form a field if p be prime, and do not 
satisfy 8” if p be composite. Likewise one or the other conclusion holds for a set of 4 elements 
combining under © as the marks of the GF [2?] under addition. 
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DEFINITIONS OF A LINEAR ASSOCIATIVE ALGEBRA BY 
INDEPENDENT POSTULATES* 


BY 
LEONARD EUGENE DICKSON 
Introduction. 


The term linear associative algebra, introduced by BENJAMIN PEIRCE, has 
the same significance as the term system of (higher) complex numbers.¢ In 
the usual theory of complex numbers, the coordinates are either real numbers 
or else ordinary complex quantities. To avoid the resulting double phraseology 
and to attain an evident generalization of the theory, I shall here consider sys- 
tems of complex numbers whose coédrdinates belong to an arbitrary field F’. 

I first give the usual definition by means of a multiplication table for the n 
units of the system. It employs three postulates, shown to be independent, 
relating to n*® elements of the field 7’. 

The second definition is of abstract character. It employs four independent 
postulates which completely define a system of complex numbers. 

The first definition may also be presented in the abstract form used for the 
second, namely, without the explicit use of units. The second definition may 
also be presented by means of units. Even aside from the difference in the 
form of their presentation, the two definitions are essentially different. 


First Definition of a System of Complex Numbers. 


Consider n quantities e,, ¢,,---,¢, linearly independent with respect to the 
field F’ and having a multiplication-table of the form 


(1) = Vinee, (i, K=1, 2,-+-,n), 
s=1 


where each y,,, belongs to /’. If a,,---, a, belong to /’, the expression 


the 


a,¢,+ 


* Presented to the Society at the Evanston meeting September 2, 1902. Received for publi- 
cation September 5, 1902. 

+ A bibliography of the subject is given by Stupy, Encyklopiidie der Mathematischen 
Wissenschaften, vol. 1, pp. 159-183. Cf. LIE-SCHEFFERS, Continuierliche Gruppen, ch. 21. 
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is called a complex number with the codrdinates a,, a,,---,a,. Let 


b= 
be a second complex number. Addition and subtraction are defined thus : 


In accordance with the distributive law, multiplication is defined thus : 


(2) a= > a,b, e.e,. 
i,k 
It follows from (1) that 
n n 
(3) ab = u,e,, U= Vit: 5,- 
s=1 i,k 


Whatever be the n* marks y,,, of 7’, we have defined unambiguously certain 
operations called addition, subtraction and multiplication, which, when applied 
to any complex numbers with coordinates in F’, lead uniquely to complex num- 
bers with codrdinates in #’. It remains to impose certain conditions on the 
Y,,, Such that there will result a system of complex numbers, viz., one for which 
the associative law for multiplication holds and for which division (as defined 
below) may in general be performed uniquely. 

In view of (2), the associative law holds always if, and only if, 


(4) )e, = €,(€,€,) (i,k, 2, ---,). 
In view of (1) and the linear independence of e¢,, ---,¢,, these relations give 
(5) Vine Von = Vane Vint (i, k, 
s=1 s=1 

In order that, for a general complex number a and an arbitrary complex 
number b, it shall be possible to determine uniquely a complex number x such 
that ax = b, the condition is that 
(6) Shall not vanish for every a,,---,@,. 

i=l | 

The proof follows from formulz analogous to (8). 


Likewise, in order that it shall be possible to determine uniquely a complex 
number y such that ya = b, the condition is that 


n 

(7) Yin Shall not vanish for every a,, ---, @,. 
=1 


_ 

| 
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Every system of complex numbers with respect to a field F' defines n® marks 
Yn, Of F satisfying the conditions (5), (6), (7). Inversely, such a set of marks 


Y;,, defines a system of complex numbers with respect to F’. 


Independence of the Conditions (5), (6), (7). 
Following the customary method, we exhibit for j = 5, 6, 7, a set S, of n° 
marks y,,, of #’ for which the jth condition fails while the remaining two con- 
ditions are satisfied. It suffices to take n = 2, whence 


+ You + Yoi2 + Via % 42 


~ 


= 


a a 


Via + Yoo a, + You aq, + a, Ya2% + a, 


%n=1, Y2= 9, Yin = 9, in =1, 
You 1, = 0, Yoo Yoos = 0.* 


Then (5) fails for i = 2, k=1,1= 2, t= 1, since 


s=1, 2 


s=1, 2 


But (6) and (7) hold, since 


a,+a, 90 a, a, 
A. = = U,(a,+4,), A= = —d,(a,+4,). 
a, a, a, + a, 
= 1, 9, Nan = —1, Nn = 9, 
You = 9, Yn2 = 1, Yon = 9, Yon = —1. 
a, a, a, — a, 0 
= 0, =(a,—a,). 
—4, 0 a,— 4, 


We may verify directly that conditions (5) are satisfied; or we may verify rela- 
tions (4), employing relations (1) which here become 


€,€, = €,0, = €,0, = — @, 
=1, Vie ’ 0, = 1, 
=—1, = 9, Yon = 9, Yoo = — 1. 


* When F does not have modulus 2, we may take for S, the set 


Then 4,= A, =— (aj+ <a) ; while (5) fails for i =2, k=2,/=1, t=1, since —14 +1. 


| 
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=(a,—a,)’, 
a,— 4, 


That conditions (5) are satisfied follows from the fact that the set S, can be 
derived from the set S, by interchanging y,,, with y,,.. 


Second Definition of a System of Complex Numbers. 


We consider a system of elements A = (a,, @,, ---, @,) each uniquely defined 
by n marks of the field /’ together with their sequence. The marks a,, --- a, 
are called the codrdinates of A. The element (0, 0, ---, 0) is called zero and 
designated 0. 

Addition of elements is defined thus : 


It follows that there is an element D) =(a,—b,,---,a,—0,) such that 
D + B= A. 

Consider a second rule of combination of the elements having the prop- 
erties : * 

1. For any two elements A and PB of the system, A-P is an element of the 
system whose coordinates are bilinear functions of the coordinates of A and B, 
with fixed coefficients belonging to /’. 

if A-B, B-C, (A:B)-C, A-(B-C) 
belong to the system. 

3. There exists in the system an element Z such that A-J= A for every 
element A of the system. 

4. There exists in the system at least one element A such that A-Z + 0 for 
any element Z + 0. 

That any system of elements given by the second definition is a system of 
complex numbers according to the usual (first) definition is next shown. | From 
1 and (8) follows the distributive law : . 


(9) A-(B+ C)=(A-B)+(A-C). 


For any element I satisfying 3,1. B= B for every element B. 
In proof, let A be one of the elements satisfying 4, and let B’ be such that 
B+ B’ = 0 (see above). Then by 2 


* Note that 3 assumes the existence of a right-hand identity element. Postulate 4 is milder 
than the assumption of a left-hand identity J’, while from the existence of J’ would follow 4, 
A being taken as J’. 

{ The inverse is true. That a system of complex numbers contains an identity element (so 
that 3 and 4 follow) is shown in LIE-SCHEFFERS, p. 614. 
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a,— 4, 0 a, a, 

A, => A‘ = = 0 
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A-(I:-B)=(A-I)B=A-B. 
Hence, by (9) applied twice, 


By 1,A-0=0. Hence by 4,(/-B)+ B’ =90, so that B= B. 

There is an unique element I satisfying 3. 

For, let J be the given element and J’ a second element, each satisfying 3. 
Then J'-7=TJ’' by 3. By the preceding theorem, J’: B= B for every B, 
whence J'-7=J. It follows that J’ = J. 

There is an unique element I such that 1-B= B for every B. 

For, let 7, be one such element and let J be the unique element satisfying 3. 
Then J: B= B gives I= TJ, while 3 gives =J,. Hence J = J. 

From the three preceding results it follows that there is an unique element 
I such that A-J= J-A= A for every A. 

To pass to the form of representation used in the first definition, we make 
A = (4,, @,, +++, @,) correspond to a = a,e, + a,e¢,+---+a,e,. In view of 
1, there exist constant marks y,, of /’ such that relation (3) holds and, as 
special cases, relations (1). Condition 2 thus leads to relations (5). Since 
there is an unique solution* Y = J of A- XY = A, where A satisfies 4, the 
determinant A, does not vanish for every a,, ---, @,. Since there is an 
unique solution XY = J of X- A= A, where A is such that ZA + 0 if Z7+ 0, 
A’ does not vanish for every a,,---,a@,. Since conditions (5), (6), and (7) are 
satisfied, the system of elements forms a system of complex numbers. 


Independence of the Postulates 1, 2,3, 4. 


For i=1,2,3,4, we exhibit a system =, of elements for which the ith 
postulate fails, while the remaining three postulates hold. 

Take A-B=A. Or take A-B=A+8B with /=0 and A=0 
in 4, 

>,. Take n = 2, and for A- BP take the law of combination 


2 


(4, a,)(%, a, ) (4, % + A, + Ay a,4,). 
Then 3 is satisfied for 7 = (1, 0), and 4 for A = (0, 1) since 
(9,1) (2, %) = %)- 


But 2 fails for d = (0,1), B=(1,0), C=(0,1). 
We employ the system S,. Hence A- B is given by 


* For, by the proof of the first theorem, XY - B = B for every B, whence X = J. 


4 
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(a,, a,)(6,, 6,) = (a,b, —a,b,, a,b, —a,b,). 


Hence 1 and 2 hold. Since (1,0)(z,, z,) =(2,,2,),4 holds. To show that 3 


fails, we note that A- B= A requires 
b,(a,—a,)=a,, 6,(a,—a,)=a,, 


so that b, and b, are not independent of a, and a,. 


We employ the system S,. Hence A-B is given by 
(a,, a,)(b,, 6,) = (a,b, —a,b,, a,b, —a,b,). 
Hence 1 and 2 hold. Also 3 holds for 7=(1,0). But 4 fails since 
(a,,a,)(1,1)=(0,0). 


THE UNIVERSITY OF CHICAGO, 3 
August, 1902. 
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TWO DEFINITIONS OF AN ABELIAN GROUP BY SETS OF ' 


INDEPENDENT POSTULATES* 
BY 
EDWARD V. HUNTINGTON 


The following definitions of an Abelian (commutative) group are suggested 
immediately by the writer’s definitions of a general group published in the 
Sulletin of the American Mathematical Society, ser. 2, vol. 8 


(1901-1902), pp. 296-300, 388-391.+ 


§ 1. FIRsT DEFINITION: BY THREE POSTULATES. 


A set of elements in which a rule of combination o is so defined as to sat- 
isfy the following three postulates shall be called an Abelian group with respect 
to Oo: 

1) aob=boa, whenever a, b and boa belong to the set. 

2) (a0b)oce=ao0(boc), whenever a, b, c, aob, boc and ao(boc) 
belong to the set. 

3) For every two elements a and b(a=b or a + b) there is an element x 
in the set such that aox=b. 

If we wish to distinguish between finite and infinite groups we may add a 
fourth postulate, either 

a) The set contains n elements ; or 

b) The set is infinite. 


Familiar examples of a finite and an infinite Abelian group are the fol- 
lowing : 
A) The system of the first x positive integers, with the rule of combination 
defined as follows : 
aob=a+b when a+b=n, 


=a+b—n when a+b>n. 


B) The system of all integers, positive, negative and zero, withaob=a+6b; 
or the system of all positive rational numbers, with aob=a x 6. 
* Presented to the Society October 25, 1902. Received for publication October 4, 1902. 


+ Cf. E. H. Moore, Transactions, vol. 3 (1902), pp. 485-492. Professor Moore’s criti- 
cism of ‘‘ multiple statements ’’ suggested the present form of postulates 1 and 2. 
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The following theorems, deduced from postulates 1, 2, 3, show that the pres- 
ent definition is equivalent to the definitions usually given.* 

Tueorem I. The element x in 3 is uniquely determined by a and b. 

Proof. Suppose cox=b and also aoxz’ =); and by 3 take & so that 
Then by hypothesis =); or, by 2,(aox)o& =); or, 
bo&=b. Now by 3 and 1 take sothatyob=a. Then 
or, by 2,(70b)o&=-2; or,xof=-x2. Therefore x= 2’. 

Corotyary. If aob=aobd’ then 

TueoreM II. There is a peculiar element e in the set, such thatboe=6b 
Sor every element b. 

Proof. Take any element a and by 3 take e so that aoe = a; the element e 
thus determined (Theorem I) is the peculiar element required. For, let b be 
any other element than a, and by 3 and 1 take w so that roa=b6. Then 
or, by 2,(xoa)oe=b; orboe=b. 

TaeoreM III. Whenever a and b belong to the set, aob also belongs to 
the set. 

Proof. By 3 and 1 there is an element b’ such that b’ 0 =e and also an 
element c such that cob'=a. Then c=aob. For, by 3 take 8 so that 
ao8=cand sothat =e. Then 


by 2; hence b’= 8’. Then b’'08=f’o8=e=b'ob by 1; hence B=b. 
Therefore aob=c. 


Independence of postulates 1, 2,3 and a), when n> 2. 


The mutual independence of postulates 1, 2,3 and a), when n > 2,} is shown 
by the following systems, each of which satisfies all the other postulates but not 
the one for which it is numbered. 

(1) The system of the first » positive integers, with aob= 6b. 

(2) The system of the first n positive integers, with the rule of combination 


defined as follows: 
aob=a+b when a+b=n, 
=a+b—n when . a+b>n; 
except that aob=2 when at+tb=n+41, 
and aob=1 when a+b=2orn42. 


(3) The system of the first » positive integers, with aob=1. 
(a) Any infinite Abelian group, such as B) above. 


*The proofs of these theorems become, of course, much simpler if we confine ourselves to 
finite groups. 

t When n=1, postulate 3 is sufficient. When x — 2, postulates 1 and 3 are sufficient and 
independent. 
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Independence of postulates 1, 2, 3 and b). 


Similarly, the independence of postulates 1, 2, 3 and 0) is shown by the 


following systems: 
[1] The system of all positive integers, with aob=b. 


[2] The system of all rational numbers, with aob = (a+ b)/2. 


[3] The system of ali positive integers, with aob =1. 
[6] Any finite Abelian group, such as A ) above. 


§2. SECOND DEFINITION: BY FOUR POSTULATES. 


An Abelian group may be defined also by the following four postulates: 
1’) aob=boa, whenever a,b, ao0b and boa all belong to the set. 


ao(b0c) all belong to the set. 


in the set such that (aoz’)ob=6b. 


notice that the truth of 3 follows at once from 2’, 3’, 4’. 


2’) (a0b)oc=ao0(boc), whenever a,b,c,a0b, boc, (aob)oc and 
3’) For every two elements a and b(a=b ora + b) there is an element x’ 


4’) If aand b belong to the set, then aob also belongs to the set. 
To show that this second definition agrees with the first, we have only to 


(a = 2’0b.) 


Independence of postulates 1', 2’, 3’, 4’ and a), whenn> 2. 


The independence of these postulates for finite groups, when n > 2 ,* is estab- 


lished by the use of the following systems : 


(1’), (2’), (3’), (a). Same as the systems (1), (2), (8), (a) above. 
(4') The system of the first n positive integers, with the rule of combination 
defined as follows: coa=1; 10b=5; otherwise aob =z, an object not 


belonging to the set. 


Independence of postulates 1’, 2', 3’, 4’ and b). 


by the following systems : 


HARVARD UNIVERSITY, CAMBRIDGE, MASs., 
August, 1902. 


Similarly, the independence of these postulates for infinite groups is shown 


[2’], [8’], [2]. Same as the systems [1], [2], [8], [6] above. 
; [4’] The system of all integers except +1, withaob=a+b. 


* When n= 1, postulate 4’ is sufficient. When n= 2, postulates 1’, 3’, 4’ are sufficient and 
independent. 
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Postscript. * 


In the course of an article entitled A Definition of Abstract Groups, + which 
appeared while the present paper was going through the press, Professor E. H. 
Moore takes up my first (three-postulate) definition of a group, 

(7,):(2’, 9’, 10’), 
and after pointing out that the postulate 2’ can be broken up into two compo- 
nent statements 2) and 2), raises the question as to the independence of the four 
postulates 
(,):(2;, 2;, 9’, 10’). 

As an answer to this question the following result may be not without inter- 
est: I find that either of the postulates 2; and 2) can be deduced as a theorem 
from the remaining three. That is, my first definition (/7,) may be replaced 
by a new three-postulate definition, say 


(7): (23, 9’, 10’), 
in which the postulate 2) is “ milder” than the postulate 2’. (The old proofs 
of independence hold for (77), for both finite and infinite groups.) 


The actual deduction of 2; from 9’, 10’ and 2’ proceeds as follows: + We have 
9’) For every two elements a, b there is an element x such that 


aoxr=b. 
10’) For every two elements a, b there is an element y such that 
yoa= b. 


2°) Ifa, b, ¢ are three elements such that the products aob, boc 
and a0(bo0c) belong to the set, then (aob)oc=ao(boc). 

Lemma. Jfaob=aob’ (both products belonging to the set), then b = b’. 

Proof. Letc=aob=aob’, and by 9’ take x so thathoxr=b’. Then, 
by hypothesis, ao(box)=c; or, by 2),(aob)oxr=c; or,cor=c. Now 
by 10’ take y sothatyoc=b. Thenyo(cox) =); or, by 2};,(yoc)oxr=); 
or,box=b. Henceb=bd’. 

THEOREM 2’. Jfa,b,c are three elements such that the products aob, 
boc and (ao0b) 0c belong to the set, then (aob)oe=ao(boc). 

Proof. By 9’ take x so that = (ao0b) oc and also z so that boz =~. 
Then ao(boz)=(aob)oc. But by 2}, ao(boz)=(aob)oz. There- 
fore c= z, by the Lemma. Hence boc = x; or, ao(boc)=(aob)oe. 

In like manner we might have deduced 2 from 9’, 10’ and 2°. 


HARVARD UNIVERSITY, 
October 31, 1902. 


* Received for publication November 26, 1902. 
+ Transactions, vol. 3 (October, 1902), pp. 485-492. 
t In the case of Abelian groups this deduction is not necessary. 


DEFINITIONS OF A FIELD BY SETS OF INDE- 


PENDENT POSTULATES* 


BY 
EDWARD V. HUNTINGTON 


Introduction. 


The fundamental concept involved in the following paper is that of a class 
(assemblage, set, Menge, ensemble) in which two > rues of combination (operations, 
Verkniipfungen), which we shall denote by ¢ @re@ ©, are defined. + 

Thus, if a and 6 belong to the class, a  b denotes an object uniquely deter- 
mined by a and 6 according to the first rule, and a © 6 denotes an object 
uniquely determined by a and 6 according to the second rule. These objects 
a ® band ao b do not necessarily belong to the class unless such condition is 
expressly stated. (We may think of a6 as the “sum” and ao b as the 
“ product” of the two elements a and 6b.) 

A class in which the rules of combination @ and © are so defined as to 
satisfy any one of the eight sets of postulates given below shall be called a 
field (Korper){ with respect to @ and ©. (A field may be thought of, 
briefly, as any assemblage in which the rational operations of algebra can all be 
performed.) 

The object of the paper is to show (1) that any one of these eight definitions 
of a field agrees with the definition usually given ; and (2) that the postulates 
of each set are mutually independent, that is, that no postulate of any one set is 
deducible from the other postulates of that set. 

The simplest definition of a field is that supplied by the first set, which con- 
tains only seven postulates: Al, A2, A3, M1, M2, M3, D. 


An example of an infinite field is the system of all rational numbers (positive, 
negative and 0), ag b=a+b and ao b=ab. 


* Presented to the Society at the Evanston meeting, September 2, 1902. Received for publi- 
cation, November 16, 1902. 

+ On the fundamental concepts, cf. StroLZ and GMEINER, Theoretische Arithmetik, 1901, § 4, 
and the writer’s paper on the postulates of magnitude, Transactions, vol. 3 (1902), p. 264. 

{On the concept of a field (first employed by DEDEKIND), see H. WEBER, Algebra, vol. 1 
(1898), p. 491; E. H. Moore, Mathematical Papers read at the Chicago Congress of 1898, p. 211; 
L. E. Dickson, Linear groups with an exposition of the Galois Field theory, 1901. 
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An example of a finite field is the system of p integers 0,1, 2,---, p—1 
(p being any prime number), with ag 6 =a+6(mod p) and aob=ab 
(mod p). 

Another example of a finite field is the system of the four digits 0, 1, 2, 3, 
with a @ b and a © 6 defined by the following “ multiplication tables” : 


12 8 12 3 
010123 010000 
1/103 2 1/0 12 8 
301 2;0 231 
3/3 21 0 3/0 812 


Asa matter of fact, any set of n objects can be made a field by suitable 
definitions of @ and ©, provided the number of elements, n, is a power of a 
prime. * 

List of postulates from which the eight sets are selected. 

To avoid repetition, we give here a list of seventeen postulates from which 
our eight sets are selected. In this list the letters A and M are intended to 
suggest “addition” and “ multiplication ;” the figures 1 and 2 indicate the 
commutative law and the associative law respectively, while D denotes the 
distributive law. The figure 3 indicates a postulate which demands the exist- 
ence of an element satisfying some condition. 

The postulates A 1, 2,3 or A 1’, 2’, 3’, 4’ are the same as those used by 
the writer to define an Abelian group.+ 


Al. Ifa, 6 and bea belong to the class, then a@b= bea. 

A2. Ifa, b,¢,aeb,be@c and a@(b@c) belong to the class, then 
(aeb)ec=ae(bec). 

A3. For every two elements a and 6 (a = b or a + b) there is an element x 
such thataga = b. 


Al’. If a, b, a@b and bea all belong to the class, then agb=boa. 

A2’. If a, b,c, bee,(aeb)ee and ag(bec) all belong to the 
class, then 

A3’. For every two elements a and 6 (a= 6 or a + b) there is an element 
x’ such that )ob=b. 

Ad’. If a and 6 belong to the class, then ab also belongs to the class. 


*GALOoIs, 1830; see Journal de mathématiques, vol. 11 (1846), pp. 398-407. The the- 
orem that every finite field is necessarily a Galois field of order a power of a prime was first 
proved by E. H. Moors, loc. cit. See Dickson, Linear Groups, § 18. 

+ Transactions, vol. 4, pp. 27, 29. 
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M1. If a,b and boa belong to the class, then cob =boa. 

M2. Ifa, b, ¢, aob,be 
(aob)oc=ao(boe). 

M3. For every two elements a and b (a = b or a + b), provided aga +a 
and 6@b + J, there is an element y such that aoy=)b. 


e and a@ (boc) belong to the class, then 


M1’. Ifa,6, aob and boa all belong to the class, then aob= boa. 

M2’. Ifa, b,c,aob,boe,(aob)ocand a9(bec)all belong to the class, 
then 

M3’. For every two elements a and 6(a= bora + b), provided aga +a 
and b@b + b, there is an element y’ such that (aoy’)ob=b. 

M4’. If a and 6 belong to the class, and bob + b, then aob also belongs 
to the class. 


D. If a,b, ¢, bee, aob, aoe and (aob)e(aoce) belong to the class, 
then 

D'. If a,b, e,bec,aob, aoe, ao(bee) and (aob)s(aoc) all belong 
to the class, then ao(bec)=(aob)e(aoc). 

M,. If a and 6 belong to the class, and bob = b, then aob also belongs to 
the class. 

The eight definitions of a field. 

From the list of postulates just given we form the following eight sets, any 

one of which may be taken as a definition of a field: 


Der. 1. Al, A2, A3, M1, M2, W3, D. 
Der. 2. Al, A2, A3, M1, M2, M3, D’, M,. 
Der. 3. Al, A2, A3, M1', M2’, M3’, M4’, D. 
4. Al, A2, A3, M1’, M2’, M3’, MA’, 
Der. 5. Al’, A2’, A3’, Ad’, M1, M2, W3, Dd. 
Der. 6. Al’, A2’, A3’, M1, M2, D’, M,. 


Der. 7. Al’, A2’, A3’, Ad’, 42’, M3’, M4’, OD... 
~Der. 8. Al’, A2’, A3’, A4’, 2’, M3’, M4’, M.. 


0 
It will be noticed that Def. 1 involves seven postulates; Defs. 2, 3 and 5 
each involve eight, Defs. 4, 6 and 7 each involve nine and Def. 8 involves ten. 
Remark. In Def. 4 and in Def. 8 we might replace 1/4’ and M, by a single 
postulate requiring that a © 6 shall always belong to the class whatever ele- 
ments a and 6 may be, and thus reduce the number of postulates in each of 
these sets by one.* 


* The latter definition thus obtained is essentially the same as the first of two definitions pro- 
posed by L. E. DICKSON ; see p. 14 of the present number of the Transactions. 


Trans. Am. Math. Soc. 3 
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Agreement with the accepted definition of a field. 


It is easy to see that every field in the usual sense will satisfy all our eight 
definitions, hence the postulates of each of our eight sets are consistent. We 
now show, conversely, that every system S(@, ©), which satisfies any one of 
our eight definitions will be a field in the usual sense. 

Since all the definitions include either the three postulates A 1, 2, 3 or the 
four postulates A 1’, 2’, 3’, 4’, we have: 

THEOREM I. The elements of S form a commutative group with respect to ®. 

Hence,* the sum a@b of any two elements will itself be an element of the 
class ; subtraction + will always be possible and the result uniquely determined ; 
and a peculiar element 0 will exist having the additive property of zero: 
ae0=0¢a=0 for every element a. 

In particular, aga =a when and only whena=0. (Compare MB’, 


M4’, M,.) 


Again, all the definitions include either 171, 2, 3 or M1’, 2’, 3’, 4°; hence 
if we can prove: 


1°) in M3: y +0; 2°) in V3’: y' +0; 
3°) in M4’: aob +0 whena+0,b6+0; 


then we shall have: 

THeEoREM II. The elements of S exclusive of 0 form a commutative group with 
respect to ©. 

Hence will follow: The product ao of two elements not 0 will itself be an 
element not 0; within the sub-class of elements not 0, division ¢ will always be 
possible, and the result uniquely determined ; and a peculiar element 1 will 
exist, having, within this sub-class, the multiplicative property of unity: 
ao1=loa=a, whenas 0. 

Proof of (1°). Considering first the Definitions 1, 2, 5, 6, we see that in 
M3,y +0. For if we suppose y = 0, then, by D or D’, 


=bob, 


which contradicts the hypothesis that b + bob. 
Thus Theorem II is established for Definitions 1, 2, 5, 6. 


Before passing to the proof of (2°) and (3°) we establish next, for all the 
definitions, the multiplicative property of 0 (Theorem ITI). 


* See p. 28, where proofs of the fundamental group properties here used may be found. 


t Definition of b—a: Ifa@x—b then 
} Definition of b/a: If aO *=—b thena=b/a. 
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Lemma 1. The product ¢®0 is an element of the class when ¢ + 0. 

In case of Defs. 2, 4, 6, 8 the lemma follows at once from J/,.—In case of 
Defs. 1, 3, 5, 7 the proof is as follows: Let ¢ be any element not 0, and take 
e’ so that eee’ = 0, where clearly ¢ +0. Then coc and coc’ will belong 
to the class (by Theorem IT in case of Defs. 1 and 5; by 1/4’ in ease of Defs. 
3 and 7). Applying D, co(ese’)=(coc)s(coc’); therefore ¢o0 will 
belong to the class. 

Lemma 2. The product 0¢ will be an element of the class when ¢ + 0. 

This follows by M4’ in the case of Defs. 3, 4, 7, 8; and by Lemma 1 and 
M1 in the case of Defs. 1, 2, 5, 6. 

Lemma 3. The product 00 0 is an element of the class. 

In case of Defs. 2, 4, 6, 8 this follows at once from J/,.—In case of Defs. 
1, 3, 5, 7 take ¢ and c’ asin Lemma 1. Then 0c and 00¢’ are elements of 
the class, by Lemma 2. Applying D, 0o(eee’)=(00c)s(00e’ ), whence 
0©0 will belong to the class. 

THEOREM III. For every element a, ao0=0oa=0. 

For a@0 and Ooa are always elements of the class, by Lemmas 1, 2, 3. 
Applying D or D’, ao0= hence ao0=0, 
Then by M1 or M1’, Ooa=0. 


Using Theorem III we can now complete the proof of Theorem II for 
Definitions 3, 4, 7, 8, as follows: 

Proof of (2°).—In M3’, y' +0. For, if y’ =0, we should have 
b=(aoy’)ob=00b=0, which contradicts the hypothesis. 

Proof of (3°).—In -M4’,aob+0 whena+0andb+0. For, by 
and Theorem III, every product will be an element of the class; hence if 
aob=0, we should have b=(aoy’)ob=(aob)oy =0o0y' =0, by 
M3’, M1’, M2’. 

Thus Theorem IT is established for all cases. 


Combining the immediate consequences of Theorem II with Theorem IIT 
we have: The product a@b will always be an element of the class ; division 
will always be possible when the divisor is not 0, and the quotient will be 
uniquely determined; and there will be a peculiar element 1 such that 
aeo1=1ea=a whatever the element a. 

These results, together with the commutative, associative and distributive 
laws, show that our system S will have all the characteristic properties of a 
field in the accepted sense.* 


*See, for example, DIcKson, Linear Groups, §5. Since the operations © and © are thus 
shown to obey the familiar laws of addition (+) and multiplication ( - ), the circles around 
these symbols are conveniently omitted in further developments of the abstract field theory. 
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Independence of the postulates. 

The independence of the postulates of each of the eight sets may be estab- 
lished by the use of the following systems. For example, the system marked 
(A1) fails to satisfy the postulate Al, but will be found to satisfy all the other 
postulates of any set in which this postulate occurs. * 


(Al) or (Al’). The system of all positive rational numbers, with agb = 6 
and aob=ab. 

In proving that this system satisfies A3, A3’, M3, M3’, take c=), 
= any element, y= b/a, y’ = 1/a. 

(A2) or (A2’). The system of all positive real numbers, with"a@b'= Vab 
and aob=ab. 

Postulates A2, A2’ fail, for (262)e8=4 while 29(268)=1 8. In 
A3 and A3’ take x = 6?/a, = l?/a. Postulates D and D’ are satisfied, since 
ao(bec)=aYbe =(aob)a(aoe). 

(A3) or(A3’). The system of all positive rational numbers, with ag b= a + 6 
and aob=ab. 

To show that A3 and A3’ fail, consider a= 5, b= 2. 


(A4’). The system of all rational numbers, with ag@b defined as follows: 
when a+65=0 or a=0, then otherwise, aob= V2; and 
always, aob=ab. 

Here A4’ clearly fails, since 1 2 is not an element of the system. In A3’ 
take vw =—a. In M3, M5’ take y=b/a, y’ =1/a, which will always 
belong to the system when aga+a, that is, when a+0. Postulate D 
holds whenever the conditions stated are fulfilled. (We notice in passing that 
this system does not satisfy 41, A2 or A3; as a matter of fact, A4’ is deduci- 
ble from Al, A2, AS.) 


(M1) or(M1’). The system of all integral numbers, with =a +b 
and aob=b. 
In A3, A3’ takex = 


(M2) or (M2').+ The system of all couples («,, a,) in which a, and a, 


* This is the now familiar method of PEANOo and HILBERT. 

+ This system for proving the independence of /2 and 2’ was suggested to me by Professor 
L. E. Dickson. Another system which may be used for the same purpose is the system of 
four digits 0, 1, 2, 3, with a& b and aob defined by the following ‘‘ multiplication tables”’ : 


12 3 ©'0 12 3 
8 00000 
11103 2 
3 3} 1 
31/3 2 1 3 
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are rational numbers ; with 
(%, a,)2(B,, B,) (2, + B,, ty B,) 
%)O(B,, 8,)= (4,8, — 4,8,, — 2,8, — 4,8,). 


and 


(If we represent these couples by points in the complex plane, @ will be the 
ordinary addition of complex numbers, and © will be the ordinary multiplica- 
tion followed by reflection in the axis of ’s. ) 

Postulates M2, M2’ fail, since [(1,0)o(1,1)]0(0,1)=(1, —1), while 
(1, 0)o[(1,1)0(0,1)] =(—1, 1). 

In M3, M3’, ifa=(a,, and b=(8,, 8,), take 


a,B, — 4,8, — 2,8, — 4B, 


(M3) or (M3’). The system of all integral numbers, with aeb=a + b 
and aob=ab. 


(4'). The system of all rational numbers, with agb=a-+ 6, and aob 
defined as follows : when ab = 0,1,2,3,---,ora=1,thenaob = ab; other- 
wise, 7/2. 

Here M4’ clearly fails, since 2 is not an element of the system. In 1/3’ 
take y’ =1/a. Postulate D holds whenever the conditions stated are fulfilled. 
( We notice in passing that this system does not satisfy 1/1, 1/2 or M3.) 


(D) or (D’). The system of all integral numbers, with agb =a + b and 
aob=a+hb. 
Here 10 (191)=838 while(101)e(lo1)=4. 


(M,). In Definitions 2 and 6 consider the system of all rational numbers, 
with agb=a+b, and aob defined as follows: when ab +0, aob=ab; 
when ab=0,a0b=Yy2. (This system does not satisfy D or M4’.) 

In Definitions 4 and 8 consider the same system with a@b = ab when b + 0, 
while otherwise aob = 12. (This system does not satisfy D or M1.) 


The independence of all the postulates of each set is thus established. Indeed, 
since each of the systems employed for this purpose is infinite, we see that each 
of our eight sets of postulates will still be a set of independent postulates even 
if we add the requirement that the field shall be infinite. 


HARVARD UNIVERSITY, CAMBRIDGE, MASs., August, 1902. 
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ON THE INVARIANTS OF DIFFERENTIAL FORMS OF DEGREE 


HIGHER THAN TWO* 


BY 
CHARLES NELSON HASKINS 


§1. Introduction. 


The following determination of the number of invariants of homogeneous 
differential forms of higher degree is, in notation and method, an extension of 
the work in my paper on the invariants of quadratic differential forms. 

The result may be stated in the following 

THEOREM.— The number of invariants of order w for the general homoge- 
neous differential form of degree m in n variables is 


(n+y4—1)! (n+m—1)! n(n+ #) 

It may be noted that, save for the exceptional cases 


this expression gives also the number of invariants of quadratic differential form 
(m =2).4 
§2. Differential equations of the problem. 


The form of degree m in n variables, x,---x,, may be written 


t2=1 im=1 
where 
if i,,---i,: h,,---k, are any two permutations of the same set of m indices* 
It will be assumed throughout that the discriminant of the form ¢, i. e., the 


resultant of the n equations 
* Presented to the Society October 25, 1902. Received for publication October 29, 1902. 
+t HASKINS, Transactions of the American Mathematical Society, vol. 3 (1902), 
pp. 71-91. 
t loc. cit., p. 89. 
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Cd 
does not vanish. 
The form is to be subjected to the infinite group of all point transformations 


generated by the infinitesimal transformation 


(yah, 


(3) Xf = DE 


To obtain the equations satisfied by the invariants, we must “ extend” 
group Xf to the coefficients a and their derivatives. As in the similar work 


with quadratic forms, we use the notation 


(4) Pate 


Then we have 


n n n 
X¢= > > bo dx, dx, de, 


n 

n n n f m 

ence 
m 
r=1 uy 


The equations for the,invariants of order zero are obtained by equating to 
zero the coefficients of the &, ; in 


n 

i=1 ig=1 


§ 3. Enumeration of the equations. 
There are n? of the quantities &,,, hence n? equations. The number of vari- 
ables p;,,,..;,, is that of the number of distinct terms in the homogeneous poly- 
nomial of degree m in n variables, namely * 


_n(n+1)-- -(n+m—1) (n+m—1)! 


(8) (n, m) = ————— m! (n—1)! ml 


* Cf. Chrystal, Algebra, vol. 2, p. 12. 


| 
As in NX ( ie 
| 
j 
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We suppose in what follows that 


m> 2, n=2. 
Now 
( 1 n+m 
n,m 
and 
n+m 
1+ m™ 
“.(n,m+1)>(n,m), 
m)>(n, 8), m> 3, 
Xn’, m>s. 
But 
(n,38)—n*=0, n= 2, 
and 
3)—n?>0, n> 2. 
For 
2) 
(n,3)—n= 6 
(9) n=2,m=3, 
and 


Hence, whether the equations of order zero are independent or not, there are 
certainly, except in the case of the binary cubic, for which n = 2, m = 3, invari- 
ants of order zero; and, if the equations of order zero are all independent, there 
are precisely 

(rn, m)—n* 
invariants of that order. 

Consider now the equations of higher order. In passing from the (# — 1)th 
extension to the wth we add a number of equations equal to the number of 
derivatives of order « + 1 of the n functions &, and a number of variables 


equal to the number of derivatives of order wu of the (nx, m) functions 


a;.;,...i,+ These numbers are, respectively, 
n(n-+ 
n(n, 1)= n 
| (N,M), 
and 


(m,m)-(n,p). 


— 
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Hence, if the equations of orders « — 1 and y are all independent, the number 
of invariants of order pu is 


(10) m)— 


w+1 


§ 4. Independence of the equations. 


In the enumeration of the invariants of the quadratic differential forms the 
independence of the equations was proved step by step in the following manner. 

First, it was shown that the equations of order » differ from those of order 
» — 1 in that, first, certain terms are added to those equations, and second, cer- 
tain equations are annexed to the system. These annexed equations were 
called the final equations of order uw. It was shown that the variables in these 
equations appear in the equations of no lower order. 

Second, it was shown that if all the equations of order ~ — 1 are inde- 
pendent, and, if the final equations of order » are independent, then all the 
equations of order u are independent. 

Third, it was shown that if the final equations of order « — 1 are all inde- 
pendent, then the final equations of order ~ must be so likewise. 

Fourth, it was shown that there exists an order » for which the final equa- 
tions are independent, and an order y, for which all the equations are inde- 
pendent. 

In the present problem the proof follows the same lines. Furthermore, the 
demonstration of the first three steps in the proof follows almost word for word 
the demonstration already given for quadratic forms. It will, therefore, be 
omitted here. In the case of quadratic forms, the two parts of the fourth step 
required separate demonstration. In the present case the matter is simplified 
in that we are able to prove the following 

THEorEM.— The equations of order zero are, for forms of degree m 5 3 in 
n & 2 variables, all independent. 

As the equations of order zero are likewise the final equations of that order, 
the entire fourth step of the proof is covered by this theorem. In the proof it 
is convenient, in order to avoid disturbing numerical factors, to write the form 
as follows: 


(11) dx, +++ dx,.. 

Then 

%=1 i,=1 s=1 “es r=l 


The coefficient of is {Op/0(dx,) dzx,. 


— 

! 

| 

| 

| 

| 

| 
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Now the equations for the invariants of order zero are obtained by collecting 
those terms of the second part of the above expression for Y¢ which are multi- 
plied by each of the products dx, ---dx,_, replacing dz, --.dx,, by 
of 


rearranging the result so as to collect the terms forming the coefficients of the 
n® quantities & , and then equating these coefficients to zero. Hence these 
equations may be obtained if in the equations 


(14) 


dz, =0, (r,s=1,2,---n), 
we replace the product dx, .--dx, by the symbol q,;.. The matrix of the 
coefficients, therefore, which is all that is of importance in the independence 
proof, is the same as the matrix of the coefficients in equations (14). 

Consider, next, the discriminant of the form ¢. It is the resultant of the n 
equations 

od 

=1,2---n), 

(15) d(dz,) 0, (r n) 
and may be written as a determinant which includes the matrix of n? rows and 
(nx, m) columns arising from the equations 


(7, 2, ---2), 


(16) ©(dzx,) 


together with additional rows and columns. 

But in the columns annexed to these n? rows the elements are all zero. 

Suppose the equations of order zero were not all independent. Then all 
the determinants of order n’? formed from the matrix of (14) vanish. But in 
the resultant all other minors of order n? formed from these n? rows contain at 
least one column of zeros and therefore vanish. Hence all minors of order n? 
formed from these n? rows of the resultant vanish. Therefore the resultant 
itself vanishes. But this resultant is the discriminant of the form, and by 
hypothesis it does not vanish. Hence the supposition that the equations of 
order zero are not all independent leads to a contradiction and the theorem is 
proved. 

It follows, then, that the equations of all orders are independent and that, 
therefore, the number of invariants of order y is precisely the excess of variables 
added over equations added in passing from order » — 1 to order », namely 


n(n + 
w+1 


(17) (n,m)— (n,m). 


| 
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$5. Simultaneous forms. 


The extension to simultaneous forms is obvious. There are for p forms 


(18) 
+(p ) oat 
invariants of order uw. Of these 


are invariants of the p separate forms, while the remaining 


n(n + 
(20 —1 
are true simultaneous invariants which may be taken as invariants of the p — 1 
pairs of forms obtained by associating any given form with the remaining 
p — 1 in succession. 


MASSACHUSETTS INSTITUTE OF TECHNOLOGY, BOSTON, 
October 1, 1902. 
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UBER DIE REDUCIBILITAT 
DER GRUPPEN LINEARER HOMOGENER SUBSTITUTIONEN* 
VON 
ALFRED LOEWY 


In dem folgenden Aufsatze beehre ich mich, im § 1 einen neuen Fundamental- 
satz aus der Theorie der Gruppen linearer homogener Substitutionen mitzuteilen ; 
derselbe bezieht sich auf die Reducibilitit irgend einer Gruppe linearer homo- 
gener Substitutionen und ist wegen seines allgemeinen Charakters sehr anwen- 
dungsfihig. In der vorliegenden Arbeit habe ich mich darauf beschriinkt, den 
fraglichen Satz im § 2 und § 3 auf endliche Gruppen und auf diejenige Gruppen- 
gattung, die ich fruher als Gruppen vom Typus einer endlichen Gruppe bezeich- 
nete, anzuwenden. In der Einleitung moéchte ich mir nur noch erlauben, kurz 
darauf hinzuweisen, dass der Satz ,, Bei allen Zerlegungen eines linearen homo- 
genen Differentialausdruckes in irreducible Factoren lassen die Factoren sich 
eineindeutig so zuordnen, dass die zugeordneten Factoren, als lineare homogene 
Differentialgleichungen aufgefasst, dieselbe Rationalitiitsgruppe besitzen” + ein 
unmittelbares Corollar des hier im § 1 mitgeteilten Satzes ist; dies ergiebt sich 
sofort aus den Bemerkungen, die ich in den Leipziger Berichten dem 
eigentlichen Beweise des angefiihrten Satzes vorausschickte. 

In $4 und § 5 setze ich voraus, dass eine Gruppe linearer homogener Substi- 
tutionen vorgelegt sei, bei der alle Coefficienten siimtlicher Substitutionen Zahlen 
aus einem Korper © sind; unter dieser Annahme fire ich dann die analogen 
Untersuchungen wie im § 1 und § 2 durch. 

$1. 

Die Gruppen linearer homogener Substitutionen in n Variablen lassen sich in 
zwei grosse Klassen, niimlich in reducible und irreducible, einteilen. Eine 
Gruppe linearer homogener Substitutionen in » Variablen heisst reducibel, wenn 


man m <7 lineare homogene Functionen der Variablen mit constanten Coeffi- 


* Presented to the Society at the Evanston meeting, September 2, 1902. Received for publi- 
cation, August 7, 1902. 

tA. Loewy, Uber die irreduciblen Factoren eines linearen homogenen Differentialausdruckes. 
Berichte der math.-phys. Classeder Kgl. Sichsischen Gesellschaft der Wiss. zu 
Leipzig, Januar, 1902. 
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cienten finden kann, welche durch eine jede Substitution der vorgelegten Gruppe 
nur unter sich transformirt werden. Anders ausgedriickt: Fir eine jede redu- 
cible Gruppe G linearer homogener Substitutionen in m Variablen existirt not- 
wendig eine Matrix P nten Grades von nicht verschwindender Determinante, dass 
die Matrices siimtlicher Substitutionen der ihnlichen Gruppe G = PGP-' von 
der Form: 


a,, Ayo 0 0 

a a, ---a@ 0 0 ---0 

ml m2 mm 

(a) 

ay a, m m+1 a,, m+2 a, 


werden (m < 7). 

Eine jede Permutationsgruppe ist, als Gruppe linearer homogener Substi- 
tutionen betrachtet, stets reducibel ; denn bei ihr wird die Summe der Variablen 
in sich transformirt. 

Unterdriickt man in einer jeden Matrix der Gruppe G die letzten n —m 
Colonnen und Zeilen, so wird einer jeden Matrix der Gruppe G eine Matrix 
zugeordnet, die nach (a) die Form hat: 


a, 1 Ay» Qin 
a Don, 
ane 


die Gesamtheit von Matrices mten Grades, die so allen Matrices der Gruppe 
G entspricht, bildet offenbar eine mit G isomorphe Gruppe, die wir mit G,, 
bezeichnen wollen. 

Unterdriickt man ferner in einer jeden Matrix der Gruppe G die ersten m 
Colonnen und Zeilen, so wird einer jeden Matrix von G eine weitere Matrix 
zugeordnet ; diese hat die Form: 


a 


mt+imt2° °° “m+in 
nmt+1 m+2 


Die Gesamtheit der auf diese Art gewonnenen Matrices n — mten Grades 
bildet auch eine zu G isomorphe Gruppe, die wir mit G,, bezeichnen. Bezeich- 
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net man noch die Gesamtheit der Matrices, die aus den Matrices von G durch 
Streichen der ersten m Zeilen und letzten n — _m Colonnen hergeleitet wird, 
mit G',, so kann G auch leicht verstindlich in der Form: 
G,, 0 
Gy Gy 
geschrieben werden. 
Hat man eine reducible Gruppe G linearer homogener Substitutionen, so 
kann man offenbar, wie aus dem Voraufgehenden folgt, durch wiederholte Ein- 
fiihrung linearer homogener Functionen der Variablen mit constanten Coeffi- 


cienten, die Gruppe G durch eine Matrix # von nicht verschwindender Deter- 
minante, in eine ihnliche 9 = 2G R-' transformiren, dass diese die Form : 


a, 9 O 0 
90 OO 0 


Qs) Ase 0 0 0 


annimt ; dabei bedeutet a,, (k= i) eine Gesamtheit von Matrices mit /, Zeilen 
und f, Colonnen. Die TZeilgruppen a,, (i= 1, 2,---2) sollen nach der vorge- 
nommenen Transformation, was stets moglich ist und worauf fiir das Folgende 
besonderes Gewicht zu legen ist, ausnahmslos irreducible Gruppen sein. 

Hat man eine reducible Gruppe G derartig in eine ahnliche Gruppe trans- 
formirt, dass alle in der Diagonale stehenden Matrices a,,(i=1, 2,---, d) 
irreducible Gruppen sind, so sagen wir, die Gruppe G@ ist unter Hervorhebung 
ihrer irreduciblen Bestandteile oder Teilgruppen in eine dhnliche Gruppe 
transformirt worden. Die in der Diagonale stehenden irreduciblen Gruppen 
a,, (i= 1, 2,---, nennen wir die irreduciblen Bestandteile oder Teilgrup- 
pen von G, die sich bei der Darstellung von, G in der Form X ergeben. 

Die Uberfiihrung einer Gruppe G@ in eine iihnliche unter Hervorhebung der 
irreduciblen Bestandteile ist durchaus nicht eindeutig. Es gilt nun der fol- 
gende Fundamentalsatz, mit dessen Beweis wir uns beschaftigen wollen : 

Wie auch immer eine Gruppe G linearer homogener Substitutionen unter 
Hervorhebung ihrer irreduciblen Bestandteile in eine dhnliche Gruppe transfor 
mirt wird, so kann man die irreduciblen Bestandteile, die sich bei irgend einer 
Darstellung ergeben, den irreduciblen Bestandteilen, die sich bei irgend einer 
anderen Darstellung ergeben, eineindeutig so zuordnen, dass zwei zugeordnete 
irreducible Teilgruppen gleich viele Variablen haben und dhnliche Gruppen 
sind. 
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Sieht man also ahnliche Gruppen als nicht verschieden an, so sind die irre- 
duciblen Teilgruppen einer linearen homogenen Substitutionsgruppe G, die 
sich bei allen Transformationen von G in dhnliche Gruppen unter Hervorhe- 
bung der irreduciblen Bestandteile ergeben, bis auf die Reihenfolge vollig 
eindeutig bestimmt. 

Es sei G unter Hervorhebung seiner irreduciblen Bestandteile in Form der 
aihnlichen Gruppe % dargestellt; ferner moge G unter Hervorhebung seiner 
irreduciblen Bestandteile in die ihnliche Gruppe 8 der Form: 


6, 9 O 0 


b, 6, 0 
(B) bs, ---0 0 


transformirt werden kénnen. Dabei bedeutet b,, eine Gesamtheit von Matrices 
von g, Zeilen und g; Colonnen; 6,(i = 1, 2, ---, «) sind Matrices irreducibler 
Gruppen linearer homogener Substitutionen in g, Variablen. 

Unser Satz behauptet, dass sich die irreduciblen Gruppen : 


und 


einander eineindeutig so zuordnen lassen, dass jedem 6,, ein a,, entspricht, 
J, =, wird und die zwei zugeordneten Gruppen stets innerhalb der allgemei- 
nen linearen homogenen Gruppe von g, =f, Variablen ihnlich sind. 

Unser Satz gilt sicher fiir Gruppen in n = 1 Variablen; denn fiir n = 1 ist 
eine Gruppe linearer homogener Substitutionen notwendig irreducibel. Wir 
konnen daher das Theorem fiir alle Gruppen in  —1 oder einer geringeren 
Anzahl von Variablen als bewiesen ansehen und brauchen es nur noch fiir soleche 
in x Variablen zu beweisen. 

Die Substitutionen von % seien von der Form : 


t habe dabei die Werte 1, 2, 3, ---, und charakterisire die einzelnen Substitu- 
tionen der Gruppe 2. 
Die Transformationen von 8 mogen : 


(t) , 
¥,= (i=1,2,---, 9); 
s=n 
(t)y’ 
z,= >) (i=1, 2, --+, n), 
s=) 
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lauten ; der obere Index ¢, welcher die Werte 1, 2, 3, .-- annehmen mége, soll 
dabei die einzelnen Transformationen der Gruppe 8 angeben. Da A und % 
zwei Darstellungen der Gruppe G unter Hervorhebung der irreduciblen Teil- 
gruppen vorstellen und wir G als reducible Gruppe annehmen, so werden einige 
der Coefficienten a’) und b'’) fiir jeden méglichen Wert des ¢, d. h. durechgehend 
in allen Substitutionen von XY und B den Wert Null haben. 

Die Gruppe G ist ahnlich zu 2 und %, daher werden die zwei Gruppen 2 und B 
unter einander ahnlich sein, d. h. es werden zwei cogrediente Transformationen : 


und 


mit nicht verschwindender Determinante |¢,,| existiren, welche alle Transfor- 
mationen der Gruppe 1 in diejenigen von ¥ iiberfiihren, also wird die symbo- 
lische Relation : 
B= 

statthaben. 

Es ist noch notig, die Substitutionen von a,, und 6,, herauszugreifen ; die 
Substitutionen von a,, mogen die Form: 


die von §,, die Form : 
by + by, > Bin 
(3) 2, = bY) 2, + Oz, + bY) (¢=1, 


z,, = + 


t) 


haben. Beim Beweise sind zwei Falle zu unterscheiden : 

I. Es sei / eine der Zahlen 1, 2, ---, g,, und es moge 
und infolgedessen fiir die cogrediente Substitution : 


(4’) 2 = UA, 
sein, also 
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Dann wird nach (4) und (2): 


é=1 | 


aus (3) und (1’) ergiebt sich: 


s=9} 
gaz] s=1 2 =i 


Der Vergleich von (5) und (6) lehrt, es miissen die Coefficienten von 
in (6) verschwinden, d. h. es miissen die Relationen bestehen : 


= 0, 
g2z1 
(7) das, ,= 0, (t=1, 2, ---) 
s=1 


s=1 


Betrachten wir die erste derselben und bedenken, dass nach (4) ¢,,., = 0 ist, so 
lautet sie : 


Nach Untersuchungen von Herrn Mascnke* muss, da 6,, eine irreducible 
Gruppe linearer Substitutionen in g, Variablen ist, ¢ mindestens = g, — 1 sein ; 
denn eine jede Gruppe linearer homogener Substitutionen, bei der die Anzahl 
der Substitutionen gleich oder kleiner als die um 2 verminderte Zahl der Sub- 
stitutionsvariablen ist, muss notwendig reducibel sein. (7,) stellt daher ein Sys- 
tem von t=g,—1 linearen homogenen Gleichungen fiir die g, — 1 Grossen 
durch (4) ganz bestimmt fixirte Zahl aus der Reihe der Zahlen 1, 2, ---, 9,. 


Sollen nun nicht simtliche der angegebenen g, — 1 Grossen 
verschwinden, so muss jede der Determinanten 


bi} by 


by 


*H. MASCHKE, Beweis des Satzes, dass diejenigen endlichen linearen Substitutionsgruppen, in wel- 


chen einige durchgchends versechwindende Coeffiicienten auftreten, intransitic sind, Mathematische 
Annalen, Band 82, S. 365, 366. 
Trans. Am. Math, Soc. 4 
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die man erhiilt, wenn man j,, i,,---,7%,,, irgend welche g, — 1 verschiedene 
Zahlen aus der Reihe von Zahlen beilegt, die ¢ annimt, den Wert Null haben. 
Anders ausgedriickt: Man muss aus der /ten Zeile der Substitutionsgruppe b,, 


die folgenden g, — 1 Coefficienten 


b 


ti—-1? “ii+1? 


herausgreifen koénnen, dass eine jede der Determinanten, gebildet aus den ent- 
sprechenden Coefficienten jeder méglichen Combination von je g, — 1 Substitu- 
tionen der Gruppe 6,,, verschwindet. Wenn dies aber der Fall ist, so ist die 
Gruppe 6,, reducibel, wie aus einem Satze von Herrn Mascuke + hervorgeht. 
Infolgedessen bleibt nur iibrig, dass die g, — 1 Grossen : 


simtlich gleichzeitig verschwinden. 
Auf genau dieselbe Weise kann mit Hiilfe der weiteren Gleichungen des Sys- 
temes (7) der Nachweis gefiihrt werden, dass 


(8) Njts = UH = In = 0, 


ist. 
Mithin lauten unter Beriicksichtigung von (8) und: 


die ersten g, Gleichungen von (1): 


Wiire g, <f,, so wiirde, wie aus den Gleichungen (9) und (8) folgt, a,, eine 
reducible Gruppe sein. Wire g, > /,, so wiirde man aus den Gleichungen (9) 
folgern, dass z,, z,, ---, 2,, nicht linear unabhiingig sind. Es bleibt daher nur 


iibrig. Die Determinante : 


Ne Vin 


t H. MASCHKE, a. a. O., 8S. 364, 366. 
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ist von Null verschieden ; denn sonst wiire die Determinante 
Win (4, &=1, 2, 
der rechten Seite von (1) gleich Null, weil fiir 
s=f,+1, q,,= 9 


ist (Gleichungen 8). Durch Beachtung von (2), (3) und (9) folgt, dass a,, und 
6,, ahnliche Gruppen sind. 

Findet also die Relation (4) statt, so sind a,, und 6,, ahnliche Gruppen. 
Transformiren wir jetzt die Gruppe 2, indem wir die Gleichungen (9) und die 
zu (9) cogrediente Transformation anwenden. Dann gehen die Substitutionen : 


=F (i=1, 2, 2), 
s=1 
der Gruppe % iiber in: 


— (t) (t 
= BYP + bz, + OY 2,5 
= Dz, + + + 


(t) , 


(t) a... (t) (t),," 
+ ~2 + + Cry, Zs, + Y + + 


Yn 
Bei Anwendung von (9) werden niimlich y,,.,, ,,..5 +++, y, beibehalten; die 
Anwendung von (9) ist daher rechter Hand nur in den Coefficienten der Vari- 
ablen Yj,» die durch z,,---, z,, ersetzt werden, wirksam; die Coeffi- 
cienten von ¥).415Y,429°'*s y, bleiben genau dieselben. a,, geht in b,, iiber; 
die Coefficienten ¢ rechter Hand bei z;, ---, in den n —f, letzten Gleich- 
ungen sind aus den q,, (j={'3'::::71) und den a,, _gebildet. 
und sind ahnliche Gruppen ; ; mithin die zu iahnliche Gruppe, die 
durch (10) dargestellt wird, auch mit 8 ahnlich. Die Substitutionen von $ lauten: 


(0) (t , 
= Oz, + + - + bi) 
4 (t) (t) t) (t) 
(t) 


( (t) ) 


nn 


| 
(10) 
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Dabei kénnen noch einige der fiir jeden Wert von ¢ durch- 
gehend Null sein. 

Da % und die durch (10) dargestellte Gruppe ihnliche Gruppen sind, so 
muss es moglich sein, Relationen zu finden : 


2. (i=1, 2, fi); 


(k=1, 2, ---,n—Jf,), 
und hierzu cogredient : 
(i=1, 2, 


k=1, 2,---,n—f,), 
so dass durch diese Relationen die durch (10) dargestellte Gruppe in die Gruppe 
iibergeht. Dabei kann die Determinante nicht ver- 
schwinden ; denn sonst wiire die Substitutionsdeterminante von (11) Null. Aus 
den Relationen (11) und (11’) folgt unmittelbar, dass die zwei Gruppen, deren 
Matrices aus denjenigen von (10) und B hervorgehen indem man die ersten /, 
Colonnen und Zeilen streicht, ihnlich sind ; denn es bestehen die Relationen : 
t=n t=n 


t 


(k=1, 2, n—Jf,; 2, 


Beniitzen wir die Bezeichnungen auf S. 46 und 47, so haben wir die Ahnlich- 


keit der zwei durch 


a, 0 0 0 0 0 
0 
Ay Ay, 0 0 


AS 


und 


0 


by, 
12 9, 13 6, 9 


| 
0 
a 
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dargestellten Gruppen bewiesen. Dieselben sind aber zwei unter Hervorhebung 
der irreduciblen Bestandteile iihnliche Gruppen in Variablen; fiir diese 
haben wir aber das Theorem als bewiesen angenommen, denn 7,21. (Vgl. Seite 
47.) Man kann daher die Teilgruppen 


und 


einander in einer gewissen Reihenfolge eineindeutig zuordnen, so dass die zu- 
geordneten stets ahnliche Gruppen sind. Im besonderen ist X= y. Da a, 
und 6,, dhnlich sind, so ist unser Satz im Falle I vollig bewiesen. 


II. Sollte zwischen y,, %+ irgend eine lineare homo- 
gene Relation bestehen : 


wobei d,, d,, €5 Constante bedeuten, so setze man : 


und wiihle 2,, 2,, ---, 2, als beliebige lineare homogene Functionen von 


%5 %,, mit constanten Coefficienten : 


n—1) 
wobei die ¢”)(j,={'3:7::'%,) ganz willkiirliche Constante sind, nur sollen sie so 


gewahlt sein, dass | von Null vorschieden ist. 2,, 2,, +--+, 2,, 


bestimmen dann eine zu 6,, iihnliche Gruppe b6,,. ¥B geht, wenn man 
25 +++, Z,, als Variable fiir z,, z,, ---, z,, einfiihrt und z,,.,, 2, 


behalt in eine ahnliche Gruppe % iiber. Fiir die zwei ahnlichen Gruppen 1 
und ¥ haben wir dann eine Relation : 
Diese Relation ist vom Typus (4); fiir diesen Fall haben wir den Satz bereits 
unter (I) bewiesen. Wir kénnen daher fiir y,, Y/,5 25 %», lineare 
Unabhingigkeit annehmen und brauchen unseren Satz nur noch fiir diesen Fall 


zu beweisen. Es mogen also ¥,, linear unabhangig 
sein; man bilde sich dann die Gruppe: 


| 
| 
| 
| 
| 
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(t) 


it , t 
=A Yo tee + as; 


(t) 


it , , 
Yo =A + ay), Yn» 


(t , (t) 4 (t , 
Ys, => + + + 


, 


(t (t , (t) 
2’ 


27. 


t) 4 

— 
= 0,; 2, + 2, 

22 “2 


t) (t) »’ (t) 


Wegen der linearen Unabhiingigkeit der f, + g, Variablen 


haben wir eine Gruppe in f+ g, unabhiingigen Variablen vor uns. Bedenken 
wir, dass z,, 2,, +++, 2,, lineare homogene Functionen von y,, y,,+--, y, mit con- 
stanten Coefficienten sind, und fiihren wir zu den vorhandenen f, + g, unabhin- 
gigen Variablen y,, noch — f, — g, linear unabhin- 
gige Functionen von y,, y,,---, y, mit constanten Coefficienten ein, damit wir 
eine mit der Gruppe % iihnliche Gruppe erhalten. Die Gesamtheit der Ma- 


trices dieser zu X tihnlichen Gruppe lisst sich dann in der Form: 


Qs, 0 0 
0 b,, 0 
Bs, 
schreiben; dabei bedeuten 3,, einen Inbegriff von Matrices mit 


n— f,—g, Zeilen und g,, bez. xn — f,—g,Colonnen. Wir transformiren 
jetzt die durch /,, dargestellte Gruppe unter Hervorhebung ihrer irreduciblen 
Bestandteile in eine iihnliche Gruppe; diese laute : 


fn 0 0 0 
Vas 0 @ 0 


dabei bedeuten j,,, f eine Gesamtheit von Matrices irreducibler 
Gruppen. 
Beachtet man das soeben Durchgefiihrte, so wird die Gruppe % unter Her- 


vorhebung der irreduciblen Bestandteile in die aihnliche Gruppe transformirt, 


** 


die durch : 


= 
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a, 9 0 OO 0 0 0 
0 6, 0 -.-0 0 

0 0 0 0 

(12) 
fan fe fs fa 9 0 0 
hes tes f, vl f, 


dargestellt wird. 
Durch Vertauschung der ersten f, und g, Zeilen kann man die letztere 
Gruppe auch schreiben : 


0 a, 9 .«..0 0 

(13) ia 0 --0 0 


Mithin sind die durch (12) und (18) dargestellten Gruppen ahnlich. 
Es ist vielleicht nur noch zu bemerken, dass die Gesamtheit der Matrices : 


Tee 
ll 12 
fea hie ’ 


welche symbolisch die Terme der letzten n — f, — g, Zeilen und f, + g, ersten 
Colonnen bedeuten, nur eine andere Bezeichnung fiir 4,,, #,, sein sollen, indem 
%.,, %,, in Matrices von so vielen Zeilen wie f,,, {,,,---f,, angeben, gespalten 
werden. 

Die Gruppe % ist ahnlich zu der durch (12) dargestellten Gruppe, und beide 
iihnliche Gruppen beginnen mit derselben irreduciblen Teilgruppe a,,. Mithin 
kann man nach (I) eine eineindeutige Zuordnung in gewisser Reihenfolge 
zwischen den irreduciblen Teilgruppen : 


(14) und 


bewerkstelligen, dass immer zwei zugeordnete Gruppen iihnlich sind. 


_ 


& & & | 

_ 

| 
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B und YA, sowie ferner 9 und die durch (13) dargestellte Gruppe sind ahnlich, 
mithin sind B und die durch (13) dargestellte Gruppe, die beide mit derselben 
irreduciblen Teilgruppe 6,, beginnen, aihnlich. Hieraus aber folgt nach (I), 


dass man die irreduciblen Teilgruppen : 
(15) und 


einander eineindeutig so zuordnen kann, dass zwei zugeordnete Gruppen stets 
ahnlich sind. 

In (14) und (15) stehen in der ersten Reihe ja genau dieselben Gruppen nur 
in anderer Reihenfolge, ferner sind zwei Gruppen, die einer dritten iihnlich sind, 
auch unter einander iihnlich. Hieraus folgt, dass man die irreduciblen Teil- 


gruppen 


und 


in gewisser Reihenfolge einander eineindeutig zuordnen kann, so dass zwei 
zugeordnete Gruppen stets iihnlich sind. Im besonderen ist ’ = w und zwei 
zugeordnete Gruppen haben gleich viele Variablen. Hiermit ist unser Satz 
vollig bewiesen. 

§ 2 


Der eben bewiesene Satz soll jetzt fiir die Theorie der endlichen Gruppen 
verwertet werden. 

Herr MascuKke* hat bewiesen, wenn man eine endliche Gruppe linearer 
homogener Substitutionen in eine ‘ihnliche transformirt hat, dass sich in der 
neuen Gruppe eine geringere Anzahl von Substitutionsvariablen absondern liisst, 
welche nur unter sich transformirt werden, so kann man sie noch weiter in eine 
zerfallende oder zerlegbare Gruppe transformiren. 

Durch mehrfache Anwendung des Maschke’schen Satzes folgt: 

Jede endliche Gruppe @ linearer homogener Substitutionen ist einer zerleg- 
baren Gruppe: 

a, 9 0 0---0 0 
a, 9 Q---0 0 


0 a. 0 


© @ 
0 O...0 


ithnlich, wobei irreducible endliche Gruppen darstellen. Aus 


* MASCHKE, a. a. O.. § 3. 


) 
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dem im vorigen § bewiesenen Satze folgt, dass, wie man auch immer eime endliche 
Gruppe linearer homogener Substitutionen in eine iihnliche Gruppe transformirt, 
die in lauter irreducible Gruppen zerfiillt, die irreduciblen Teilgruppen bis auf 
die Reihenfolge eindeutig bestimmt sind; dabei sehen wir ihnliche Gruppen 
nicht als verschieden an. 

Wir haben also das Theorem: 

Jede endliche Gruppe G linearer homogener Substitutionen kann in eine 


zerlegbare Gruppe: 


a, 9 0 0 
0 a, 0 0 
0 0 a, 0 0 
0 0 0 0 


0 0 0 O--- 0 a, 


transformirt werden ; dabei sind 4,,,0,.,+++0,, reducible Gruppen, und zwar 
sind diese bei einer jeden Transformation von G in eine cihnliche Gruppe, die 
in lauter irreducible Gruppen zerfillt, falls chnliche Gruppen nicht als ver- 
schieden gelten, bis auf die Reihenfolge eindeutig bestimmt. Zu jeder redu- 
ciblen endlichen Gruppe linearer homogener Substitutionen gehoren also eindeu- 
tig ® irreducible endliche Gruppen linearer homogener Substitutionen, wobci 
aber auch einige der % Gruppen mehrfach auftreten konnen. 

Dieser Satz ist auch von Herrn FroBENiIvUs* im Verlauf seiner weitgehenden 
Untersuchungen iiber die Darstellung der endlichen Gruppen durch lineare 
Substitutionen auf ganz anderem Wege gefunden worden. 


§ 3. 

Man kann den Satz des $1 noch weitergehend als im § 2 auf diejenigen 
Gruppen linearer homogener Substitutionen, die ich in den Mathematischen 
Annalen, Band 53, untersucht habe ¢ und dort als Gruppen vom Typus einer 
endlichen Gruppe bezeichnete, anwenden. Wie icha. a. O. im § 3 gezeigt habe, 
ist jede Gruppe linearer homogener Substitutionen vom Typus einer endlichen 
Gruppe (unter der Voraussetzung, dass, wenn die Gruppe nicht eine endliche 
Gruppe ist, die charakteristische Gleichung wenigstens einer Substitution der 
Gruppe lauter von einander verschiedene Wurzeln hat) zu einer Gruppe der 
Form : 


*G. Fropentus, Uber die Darstellung der endlichen Gruppen durch lineare Substitutionen. I und 
II. Sitzungsberichte der Berliner Akademie der Wissenschaften, 1897 u. 1899. 
Vgl. Jahrgang 1899, S. 483. 

t A. Loewy, Zur Theorie der Gruppen linearer Substitutionen. Mathematische Annalen. 
Bd. 53, S. 225. 


| 
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As) Ass 0 


aihnlich ; dabei bedeuten a,,, a,,, ---, endliche irreducible Gruppen. Eine 
Gruppe linearer homogener Substitutionen bezeichne ich dabei als Gruppe vom 
Typus einer endlichen Gruppe, wenn die Gesamtheit der charakteristischen 
Gleichungen, die zu allen Substitutionen der Gruppe gehoren, nur eine endliche 
Anzahl von unter einander verschiedenen Wurzeln besitzt. Aus den Resultaten 
des § 1 folgt nun, wenn man auch die Ergebnisse des § 2 beachtet : 

Wie man auch immer eine Gruppe G linearer homogener Substitutionen 
vom Typus einer endlichen Gruppe unter Hervorhebung ihrer irreduciblen 
Bestandteile in eine tihnliche iiberfiihrt, so werden auf diese Art, wenn man 
ahnliche Gruppen nicht als verschieden ansieht (und voraussetzt, dass die 
vorgelegte Gruppe, falls sie nicht endlich ist, wenigstens eine Substitution 
besitzt, deren charakteristische Gleichung lauter unter einander vorschiedene 
Wurzeln hat), A irreducible ENDLICHE Teilgruppen Q,,5 +5 die jedoch 
nicht alle verschieden zu sein brauchen, eindeutig bestimmt. Notwendig und 
hinreichend, damit G eine endliche Gruppe ist, erweist sich die Aehnlichkeit 
von G zu der zerlegbaren Gruppe: 


a, 9 0 0 
0 a,, 0 0 0 
0 0 a, 0 0 
0 0 0 
00 0 0 


Die in dem obigen Satze in Klammern beigefiigte Voraussetzung, dass, wenn 
die vorgelegte Gruppe vom Typus einer endlichen Gruppe nicht endlich ist, sie 
wenigstens eine Substitution, deren charakteristische Gleichung lauter unter 
einander verschiedene Wurzeln hat, besitzen soll, ist hochstwahrscheinlich iiber- 
fliissig. Doch ist es mir bisher nicht gelungen, diese in der friiheren Arbeit 
ausdriicklich gemachte Annahme zu beseitigen. 


$4. 


In den voraufgehenden Paragraphen haben wir beziiglich der Coefficienten, 


die in den Substitutionen der Gruppe auftreten, gar keine Voraussetzung 


a, 9 0 0 .«.-0 0 

My, Age 0 0 0 

| 4 
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gemacht, es war uns ganz gleichgiiltig, ob sie reell oder imaginir waren und 
demgemiss haben wir auch den Begriff der Irreducibilitiit einer Gruppe linearer 
homogener Substitutionen definirt, ohne den Coefficienten irgend welche 
Beschriinkungen aufzuerlegen. Man kann aber auch einen anderen Stand- 
punkt einnehmen. Wir nehmen jetzt an: Es sei irgend ein Zahlkorper oder 
Rationalititsbereich vorgelegt. Unter einem Zahlkorper oder Rationalitits- 
bereiche verstehen wir dabei ein System von unendlich vielen Zahlen, welches von 
der Vollstindigkeit ist, dass die Addition, Subtraction, Multiplication und Divi- 
sion (mit Ausnahme der Division durch Null) irgend welcher Zahlen des Sys- 
temes nur zu Zahlen desselben Systemes fiihrt. Ist G irgend eine lineare 
homogene Substitutionsgruppe, bei welcher die Coefficienten simtlicher Substi- 
tutionen dem vorgelegten Korper 2 angehdéren, * so kann man eine Reducibiiitit 
der Gruppe G beziiglich des Korpers © definiren. Wir sagen: 

Die lineare homogene Substitutionsgruppe G in n Variablen, deren Sub- 
stitutionscoefficienten ausnahmslos dem Koérper Q angehéren, ist beziiglich 
des Korper © reducibel, wenn man m <n lineare homogene Functionen der 
Variablen mit constanten Coefficienten finden kann, welche durch eine jede Sub- 
stitution der Gruppe nur unter sich transformirt werden und dabei ausschliess- 
lich Transformationen mit Coefficienten aus © erleiden. Anders ausgedriickt : 
Fiir eine jede Gruppe G linearer homogener Substitutionen in x Variablen mit 
Coefficienten aus einen Korper 0, die beziiglich des Korpers 2 reducibel ist, 
existirt notwendig eine Matrix P von nicht verschwindender Determinante, dass 
die Matrices siimtlicher Substitutionen der Gruppe G = PG P= von der Form: 


ay, a. 9 0 -++0 
le, 0 0 
a a a 0 0 C 

mil m2 mm 

nl n2 nm nm-+l nm+2 nn 


werden und ausschliesslich nur Coefficienten aus 2 haben (m <n). 

* Besondere lineare homogene Gruppen mit Coefficienten aus einem Zahlkérper 2 oder, wie 
die amerikanischen Mathematiker sagen, ‘linear groups in an arbitrary field’’ sind in diesen 
Transactions, vol. 2, p. 363 in einer inhaltsreichen Arbeit von Herrn L. E. DICKSON unter- 
sucht worden. Zwischen der vorliegenden Arbeit und Herrn DicKson’s Untersuchung besteht 
jedoch kein Zusammenhang. Das von Herrn DICKSON in seinem trefflichen Buche ( Linear Groups 
with an Exposition of the Galois Field Theory, Leipzig, 1901) behandelte ‘‘ finite field ’’ habe ich 
ausgeschlossen ; wir haben im Obigen ein unendliches Feld. Ich darf mir erlauben, bei dieser 
Gelegenheit auch an dieser Stelle auf den innigen Zusammenhang des finite field mit der Ideal- 
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Zuniichst bemerke ich: Sind G und G@ iihnliche Gruppen linearer homogener 
Substitutionen, so hat man, wie aus der Relation PG = GP folgt, wobei P 
eine Matrix von nicht verschwindender Determinante ist, zur Bestimmung der 
Coefficienten von P ein System linearer homogener Gleichungen, die vertriig- 
lich sind; man kann daher die Coefficienten von P stets durch rationale 
Operationen aus denjenigen der Substitutionen von G und G' finden. Gehoren 
daher die Substitutionscoefficienten bei den zwei iihnlichen Gruppen G' und G 
dem Korper 2 an, so lassen sich die zwei Gruppen auch stets durch eine Substi- 
tution von nicht verschwindender Determinante, deren Coefficienten ebenfalls 
Q angehoren, in einander iiberfiihren.* 

Dass die im §1 gegebene Definition der Irreducibilitiit einer linearen homo- 
genen Substitutionsgruppe mit derjenigen beziiglich eines Korpers 2 nicht 
stets zusammenfiillt, ersieht man aus dem Beispiel der Gruppe aller reellen 
eigentlichen orthogonalen Substitutionen : 


x, = cospu, — sin 


+ cosgx,, 

in zwei Variablen. Die angegebene Gruppe ist beziiglich des Korpers aller 
reellen Zahlen irreducibel ; hingegen ist sie, wenn man die Irreducibilitit einer 
Gruppe nach $1 definirt, reducibel ; denn sie ist ahnlich zur Gruppe: 


Will man den im § 1 bewiesenen Fundamentalsatz auch ausdehnen, indem man 
den Begriff der Irreducibilitiit einer Gruppe beziiglich eines Korpers 2 zu 
Grunde legt, so muss man zuniichst die Untersuchungen von Herrn MascukKkE, die 
wir im $1 beniitzten, in diesem Sinne erweitern. Herr MascuKe verwendet in 
seiner Arbeit in den Mathematischen Annalen, Band 52, in den $1 und 
$2 nur Operationen, bei denen ausschliesslich rationale Verbindungen der Substi- 
tutionscoefficienten der vorgelegten Gruppe beniitzt werden. Mithin sind die 
Siitze von Herrn Mascnke auf folgende Art erweiterungsfahig : 

I. Ist eine lineare homogene Substitutionsgruppe (von endlicher oder un- 
endlicher Ordnung) mit Coefficienten aus einem Korper 2 so beschaffen, dass 
es moéglich ist, aus einer Zeile, etwa der iten, eine Anzahl, etwa m Coeffi- 


cienten : 


theorie hinzuweisen ; durch die Beniitzung von Primidealen lassen sich fiir die Theorie des end- 
lichen Feldes die Galoisschen Imaginiiren véllig entbehren. (Vgl. meinedemniichstim Archiv 
der Mathematik und Physik erscheinende Besprechung des Dicksonschen Werkes. ) 

*G. FROBENIUS, Theorie der linearen Formen mit ganzen Coeficienten. Crelle’s Journ. f. d. 
r. u. ang. Math., Bd. 86, S. 147 un. S. 202. 

G. LAnpsBere, Uber Fundamentalsysteme und bilineare Formen. Crelle’s Journ. f. d.r. u, 
ang. Math,, Bd. 116, S. 331. 


i! 
# 
| 
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(ik,), (ik,), «++, (ik, ) (Ky, Kay Emi), 
so herauszugreifen, dass jede der Determinanten 
Vite ai, 
ita Fike” Fit 


gebildet aus den entsprechenden Coefficienten jeder méoglichen Combination von 
je m Substitutionen A’, A”, ---, A’ der Gruppe, verschwindet, so lisst sich 
die Gruppe in eine neue Gruppe, die auch nur Coefficienten aus 2 hat, trans- 
formiren, dass mindestens einer der Coefficienten (ik,), (ik,), ---, (i#,,) in der 
transformirten Gruppe durchgehend Null ist. Corollar: Ist die Ordnung einer 
Gruppe linearer Substitutionen mit Coefficienten aus © mindestens um zwei 
kleiner als die Anzahl der Substitutionsvariablen, so kann man die Gruppe in 
eine ahnliche, die auch nur Coefficienten aus 2 hat, transformiren, so dass diese 
wenigstens einen nicht in der Hauptdiagonale stehenden Coefficienten durch- 
gehend Null hat. 

II. Ist in einer endlichen oder unendlichen linearen Substitutionsgruppe mit 
Coefficienten aus einem Koérper 2 mindestens ein nicht in der Hauptdiagonale 
befindlicher Coefficient durehgehend Null, so liisst sich die Gruppe in eine 
andere Gruppe, die auch nur Coefficienten aus © hat, transformiren, dass sich 
eine geringere Anzahl Substitutionsvariablen absondern liisst, welche nur unter 
sich substituirt werden. 

Auch im § 1 der vorliegenden Arbeit wurden keine irrationalen Operationen 
verwandt. Beachtet man noch, wenn man die Untersuchungen des § 1 dureh- 
geht, dass zwei iihnliche Gruppen G und G' mit Coefficienten aus © stets durch 
eine lineare homogene Substitution, die auch nur Coefficienten aus © hat und 
deren Determinante nicht verschwindet, in einander iibergefiihrt werden konnen, 
so ergiebt sich, dass der Fundamentalsatz des § 1 auch fiir die Irreducibilitiit 
beziiglich eines Korpers 2 giltig ist. 

Wie auch immer eine lineare homogene Substitutionsgruppe G (endlicher 
oder unendlicher Ordnung) mit Coefficienten aus einem Koérper Q unter Her- 
vorhebung ihrer beziiglich des Korpers © irreduciblen Bestandteile in eine 
ihnliche Gruppe, die auch nur Coefficienten aus O hat, transformirt wird, so 
kann man die irreduciblen Bestandteile, die sich bei irgend einer solchen 
Darstellung ergeben, den irreduciblen Bestandteilen, die sich bei irgend einer 
anderen solchen Darstellung ergeben, eineindeutig zuordnen, dass zwei zuye- 
ordnete, beziiglich Q irreducible Teilgruppen gleichviele Variablen haben und 
dhnliche Gruppen sind. 

Nimmt man fiir © den Korper aller reellen und imaginiren Zahlen, so hat 


man den Satz des § 1. 
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5. 


Wir wollen jetzt den im vorigen § gewonnenen Fundamentalsatz fiir die Theorie 
der endlichen Gruppen linearer homogener Substitutionen mit Coefficienten aus 
einem Koérper 2 verwerten und folgendes Theorem, welches die Erweiterung des 
im § 2 bewiesenen darstellt, ableiten : 

Jede endliche Gruppe linearer homogener Substitutionen mit Coefficienten 
aus einem Korper Q kann in eine zerlegbare Gruppe: 


a, 9 0 0---0 0 
0 a, 0 0---0 0 
0 0 a,0---0 0 


33 


-0 


transformirt werden; dabei sind bexiiglich des Korpers Q 
irreducible Gruppen. Diese irreduciblen Gruppen, die nur Coefficienten aus 
© haben, sind bei einer jeden Transformation von G in eine dhnliche Gruppe, 
die in lauter beziiglich Q irreducible Gruppen zerfallt, falls dhnliche Gruppen 
nicht als verschieden gelten, bis auf die Reihenfolge eindeutig bestimmt. 

Sei G irgend eine Gruppe linearer homogener Substitutionen mit Coefficien- 
ten aus (2, die beziiglich 2 reducibel ist, so kann man G stets in eine ‘hnliche 
Gruppe: 

a, 9 O 90 


Ms, As, 


transformiren, so dass alle Matrices, welche durch a,, repriisentirt werden, nur 
Coefficienten aus 2 haben und a,,, --+, a,, beziiglich irreducible Gruppen 
sind. Sei G eine endliche Gruppe, so sind auch die Gruppen a,,(i = 1,2,---,) 
samtlich endliche Gruppen. Es ist moglich, dass einige der Gruppen a,,, welche 
fiir den Korper 2 irreducible Gruppen sind, beziiglich des Korpers aller reellen 
und imaginiiren Zahlen reducible Gruppen sind. Man kann nun nach § 2 fiir 
eine jede endliche Gruppe a,, eine Matrix P, finden, die als Matrix mit sovielen 
Zeilen und Colonnen, wie sie a,, aufweist, nicht verschwindende Determinante 
hat und bewirkt, dass die zu a,, ihnliche Gruppe P,a,,P;' eine Gruppe von der 


Form: 


= 

| 000) 
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a0 0 0... 


0 a?) 0 Q... 
0 0 a®0...0 0 


0 


0 eee 0 

@...9 
wird; dabei sind a), a”, 
imaginaren Zahlen irreducible Gruppen, die Coefficienten dieser Gruppen a‘’), 
a’), ---a%? sind natiirlich nicht mehr auf 0 beschrinkt. Ist = 1, so ist 
im besonderen q,,; nicht nur beziiglich 2, sondern auch fiir den Korper aller reellen 
und imaginiiren Zahlen irreducibel. Infolge der im §1 und $2 bewiesenen Sitze 
wird die endliche Gruppe G jetzt ahnlich mit einer Gruppe, die wir mit G 
bezeichnen, und welche die Form : 


---a'7? beziiglich des Korpers aller reellen und 


a,0 0 0 0 

0%, 0 0 

0 0 a, 0 

0 at 0 
0 0 0...0 


hat; dabei bedeutet @,, die Gruppe der Form: 
a? 0 Q.--0 


0 a0 0---0 0 
00 a®0.-.0 0 


te 


0 0 0 
0 0 Q..--0 


it 


Bilden wir uns aus den Matrices P,, P,,---P, eine Matrix, die wir mit P 
bezeichnen, und welche das Aussehen : 


P, 00... 0 0 
0 P, 0 -- 0 0 
0 0 0 


0 
0 
0 
€ CE 
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hat, und suchen die zu G iihnliche Gruppe P-'GP. Wir beachten dabei, 
dass P.a,,P;' = ist. Mithin wird P-'GP von der Form: 


0 
0 


0 0 0 


Unsere urspriingliche endliche Gruppe ist also mit der soeben hingeschriebenen, 
bei der die a,,(i = 1, 2, ---, %) Gruppen mit Coefficienten aus ©, die beziiglich 
2 irreducibel sind, bedeuten, iihnlich. Dass aber die Teilgruppen 


Geos ***s 


falls man ihnliche Gruppen als nicht verschieden ansieht, bis auf die Reihen- 
folge eindeutig bestimmt sind, wenn man die endliche Gruppe G mit Coeffi- 
cienten aus 2 auf irgend welche Weise in eine zerlegbare Gruppe mit Coeffi- 
cienten aus 2, deren Teilgruppen irreducibel beziiglich © sind, iiberfiihrt, folgt 
aus $4. Hiermit ist der im Anfang des Paragraphen aufgestellte Satz er- 
wiesen. 

FREIBURG I. B., Juli, 1902. 
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THE QUARTIC CURVE AS RELATED TO CONICS’ 


A» B. COBLE 


A characteristic feature of the plane curve of even order, 27, is the one-to-one 
correspondence set up by it between curves of class x and curves of order n. 
Given a fundamental curve of order 2x, every curve of class n has a definite 
polar curve of order n, every curve of order x has “ associated ” with it a definite 
curve of class n whose polar it is. 

In the following this correspondence will be studied with special reference to 
the quartic. Some simultaneous irrational invariantive forms of the system of 
two quartics will be considered, the method used being an extension to the ter- 
nary domain of that employed by HILBErt + for binary forms. A generalization 
of the configuration known as the self-polar triangle for n = 1 will be treated. 

The first section will be devoted to an investigation of an error contained in 
a statement of CLIrForD,{ an error originally pointed out by Professor MoRLEY. 
The facts there obtained suggested the more general inquiry which follows. 

Forms of order x will be denoted in general by f", 9", ete., or symbolically by 
a", B",--- (a4, 4,%,), those of class n, by #", G", --- or by 
a:, b:, +++; and ¢,,, will be the general expression for an invariantive form of /* 
of degree «, order « and class /. 


1. A Special Class of Quartic Curves. 
/ 


In the collected works of Clifford, p. 117, the following statement is found : 
The quartic /* has a contravariant of degree 5 and class 4 (¢ =c,,,), the 
evectant of the invariant B§ which is possessed of this property, that every 
conic, cz, has a polar as to /* whose polar as to ¢ is again ¢?. 

We shall prove first 


* Presented to the Society in conjunction with results obtained by Professor F. MORLEY, 
December 27, 1901. Received for publication in present form September 25, 1902. 

+t Mathematische Annalen, vol. 28 (1887). 

t Collected Works, p. 117. 

z The invariant B is the determinant of sixth order 


@ cc, im| (cx, Im = 11, 22, 33, 23, 31, 12) 


whose vanishing is the condition that a conic apolar to f* exists, 
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(1) For the general quartic, f* = a‘ there exists no quartic, F'* = a} which 
has with regard to f* the above described property. 
For if F’‘ and f‘ are so related and c? is an arbitrary line conic, the equation 


(1) a; = CF 


must hold identically for all values of the &’s and c’s. In strictness a factor 
should be introduced before Cc; in (1), a factor, however, necessarily independent 
of c; and therefore supposed incorporated with the coefficients of F’. 
Equating coefficients of &, & in (1) we have six equations of the type 

(2) 
which are to be identities in the quantities c,.. If in each equation of the type 
(2) we equate coefficients of ¢, a system of six non-homogeneous equations is 
obtained. The determinant of this system in the six unknowns 


9 9 9 


is the invariant B which for the general quartic is not zero. If the minor of 


a in B be denoted by A the solution of the system gives 


tx, im ux, lm 
A 
(3) a tx, mn 
Fux, mn B 
where 
mn = 1 if ‘=K and 
if or m += n, 
Fix, mn = 4 if t+K and m+ n. 
But the symbolic coefficients a are such that = Hence 
must 


Bix, mn Bann, NK 
Since B is a symmetrical determinant we have 


in = Aim, + mee 


Relations (4) then, contrary to hypothesis, do impose conditions on the quartic 
J, and this proves (1). Conditions (4) in full are 


(5) 


y y 
A ’ = B = 0. 


| 


1903] COBLE: THE QUARTIC CURVE AS RELATED TO CONICS 67 


(II) Jf the quartic f satisfies conditions (5), a quartic F’, namely $, the 
evectant of the invariant B, actually exists, which has with f the property 
ascribed to it by CLIFFORD. 

Evidently ¥’ actually exists, for in (4) its coefficients have been so determined 
that (1) is an identity for both —,, and... The contravariant ¢ is 


* Fie $1 


°* * $2 


and has been studied by ScHERRER.* Applying conditions (5) to the expanded 
form of ¢ the coefficient of &, &.& & becomes the previously determined a... of 
F to within the factor B. 

An analogous property which does belong to the general quartic is this: 

(III) The cubic polar of any point as to the general quartic f has a linear 
polar as to $ which is the original point. 

For the proof, see $2, at the end. 

A quartie f satisfying conditions (5) will be called a “special” quartic and 
some of the properties of such quartics will now be derived. Let first 


A 
S cl? 


The quartic envelope ¢ may then be written symbolically A;’. 


* Annali, ser. 2, vol. 10. If the polar of c as to f* is 77, Ce will be called the conic ‘‘ associ- 
ate’? toy2. If the polar of ce as to f‘ is the line 7 taken twice, ce will be called the conic ‘‘ asso- 
ciate’’ to the line 7. 

SCHERRER shows that, for a given 7, the form 


n? 0 


gives the conic associate to the line 7. Also o(£, y) gives the conic associate to the conic 7? . 

Therefore ¢, or 0(£, £), is the locus of lines which touch their own associate conics (self- 
associate lines). 

It is easily seen that the locus of lines whose associate conics are apolar to a given point conic is the 
associate of the point conie. 

Hence G a. has a polar as to (5,7) (7 variable) which is Bes. That is, the form o(£, 7) 
has a property similar to that required of ay by CLIFFORD, as may be seen also from an equation 
formed analogously to (3). 
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(IV) If f isa special quartic, the relation of f and > is reciprocal, i. e., 
the of pis f. 

For ¢ being A; we may write the ¢ of ¢ in determinant form. The A’’s 
may then be changed into the A’s by multiplying the last three rows and col- 
umns of the determinant by 2. Since the minor of A,,,, is Bta,; .,, we have 


on developing, 


tj, 
dof b= 


The reciprocity between f and ¢@ becomes more marked with the study of 
their allied forms. Let w be the envelope of lines whose associate * conics 
degenerate into a pair of points which lie on a locus S and let D be the envelope 
of lines into which the polar conies of Hessian points break up. Then from the 
definition of f as a special quartic and of the various loci and envelopes we have 
at once: 

(V) If f is a special quartic the Hessian of > is the w of f and the y of 
@ is the Hessian of f; also the D of & is the S of f and the S of $ is the D of f. 

Theorems (IV) and (V), exemplifying the reciprocity between f and ¢, may be 
brought under a more general theorem. For this we denote by J any invari- 
antive form associated to a quantic @ given in point (or line) coordinates, line 
and point codrdinates being supposed interchanged in J if Q is given in line (or 
point) coordinates. We have then 

(VI) If f is a special quartic and if the I, of ¢ is the J, of f then the J, 
of dis the J of f to within a factor (B'/64)" where n is the degree of I, in 
the coefficients of >. 

For, taking ¢ in the form A; the J, of ¢ is a certain function of the 
A's, x’s and &s. The J, of f is what the J, of ¢ becomes when the A’’s are 
written in terms of the a's. Hence the J, of ¢ is what the J, of ¢ becomes 


when in each A’ of J, 2, is replaced by A‘,,, (line and point coordinates 


mn, pq 
being interchanged). Thus A/,,, ,, becomes B*z,,, ,,,/64. 


We shall now prove 

(VII) The necessary and sufficient contlition that f be a special quartic is 
the identical vanishing of « certain covariant conic C of degree 5. 

Conditions (5) have already been found to be necessary and sufficient. They 
may be shown to be identical with the condition of (VII). The general quartic 
J has two independent C’,,,, C, and C,, the first being obtained by operating 
with on the second by operating with 7'}(C,,,) on f?. 
The sought conic C’ will be a linear combination of C, and C,. 

For simplicity let f be referred to a triangle of reference chosen as follows : 
Take for vertex &, a point of intersection of the Hessian, //, of f and the 


*See definition in the preceding footnote. 


( yas )?, 


to )*; H= Hessian ; T= )?( 3)£)? 


| 
| 
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Steinerian, 2, of f. Take for &, the point of = which corresponds to &, con- 
sidered as a point on /7; and for & the point of // which corresponds to &, 
considered as a point on =. Then 


and 
(:: is a symbol for the expression “is apolar to”’). 
The quartic must take the form 
f= ax} + + cx} + + 2, + 44,23 2, 
+ 4b, x32, + 4b, x30, + 4c, 2} 2,. 
We find then for the coefficient of x7 in C,, 


— a’ ch} + 6acma,b, — Yachm? — 9ubhe? + 32am*c, + c? 
+ — 12ha,b, + 8bazci, 

and for the coefficient of x? in C,, 
— 19a’ cb? + 2ab?c? — 2labhc? + 114acma,b, — 2lachm? + 

+ T2ha,b, + 2bazc? — — 150em? a’. 
Let now C’ be defined * as follows: 
(6) 1500 =19C, —C,,. 

The coefficient of x? in C is then 
ba? c? — achm® — abhe; + 4am*c, + abic; + — 2ha,b, + em’ a}. 


But this is equal to A,.,, —44A,,,,. For the coefficient of x,2, in C a similar 
calculation gives 2(2A,,,,— A,,,)- We have then 


C= ( A 4A...) 44... + (Aj. 4A 10.) 


+ A + 2( A ) + 2(2A,,,, = ) x, 


This form of C renders (VII) evident. 

(VII) Uf f is a special quartic the two covariant conics of the fifth degree 
are identical. 

This conic C possesses other interesting properties. 

(IX) If the quartic f has an apolar conic, C is the apolar conic expressed 
in point codrdinates. 

For if f has an apolar conic, B = 0 and six quantities p,, can be determined 
such that Moreover (CLesscu, Crelle’s Journal, vol. 49), 


* The only previous mention of C occurs in SALMON ( Higher Plane Curves) where it is merely 
described and used as a particularly simple combination of the covariants C, and C,. 
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is the square of the apolar conic. The equation of the latter in point codrdi- 
nates is 

23 — + + 20, Pog — + 
or 


i. e., it is the C found above. We have further 

The necessary and sufficient conditions that f have a triple point are B= 9 
and C=0.* ¢ is then the triple point taken four times. 

Let a conie whose polar as to f has a polar as to ¢ which is the original conic 
be called a “ fixed” conie (f no longer being taken as a special quartic). 
Recalling that the conic “associate” to a given point conic y’ is obtained by 
replacing the column of £’s in the determinant expression for ¢ by the coeffi- 
cients y, a formula may be derived which will indicate some possible variations 
in the number of fixed conics. 

If the combination: } (polar of y as to ¢) — 6 (associate of y as to f) be 
formed, we obtain 


Aine — 4A + — 44 piss) + 2 (Ajo, 2A 195) Yos 
+ 2&, &, [( 2A — (Asses — 4A — — 2A 


This resulting conic is the “ intermediate” of y and C. The intermediate of 
two conics a and 8? is (aB8&)’, the locus of lines cutting the two conics in har- 
monic pairs of points. We have then 

(XI) For the general quartic f and any conic y° the following relation holds : 


(7) (yon = 27, +124, 


where a is the intermediate of y and C, A, is the associate of y. 

If J, = 0 or if = wA, then (y on = e., y is a fixed conic. But 
in general J, = “A,; hence if every conic y is to be a fixed conic, J, = 0 
or C = 0, a verification of (VII). 

The general quartic has, as we shall see later, six fixed conics. Since C + 0, 
for these conics J, = 4A,. We have then asa first consequence of formula (7), 

1° The six fixed conics of the general quartic f with regard to ¢$ are the 
intermediates of their polars as to f with C. 

From (7) follows also a proposition whose dual is stated by SCHERRER (loc. cit.): 


* Actually only 4 conditions, since the covariant conic furnishes only 3 independent relations. 
t ‘‘y on o”’ is the polar of » with regard too. 


4 

| 
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2° The third polar of a line L as to ¢ is the polar point of L to its asso- 
ciate conic. 

The following facts also may be derived from (7): 

3° If f has a cusp the cuspidal tangent is a double line of $ (possibly an 
inflexional tangent). 

4° If $ has a double line L, L touches also T, y~ and C,,. * 

The condition that C’ degenerate is the vanishing of SALMON’s invariant £), 
by definition. 

5° If the invariant E, of the quartic f vanishes there is a pencil of fixed conics. 

For if C is the two lines 48 meeting at a point P, any two lines through P 
and harmonic with a and 8 form a conic whose intermediate as to «8 vanishes. 
These conics form a pencil which includes a and §* and may be written 
a* + The associate pencil is A,. + 

6°. If Cis the square of a line L, a web of fixed conics exists. 

For then the J, for any conie ¥ is the two points in which y meets Z. If 
in particular y= LM, where M is any line of the plane, J, = 0, whence it 
follows that ZW is a fixed conic. The web A,,, (projective to the net of asso- 
ciate conics) contains a single infinity of pairs of points ab such that the polar of 
ab as tof has Z fora part. These points ab are then “conjugate points on 
G,,” acovariant curve of third order and degree defined originally by CAPORALI ¢ 
as the Jacobian of the net of polar conics of couples of points of L. 

Besides the conics of the web a finite number of other fixed conics exists, viz: 
the pairs of “ conjugate points as to f” which lie on Z. For by definition ¢ a 
pair of conjugate points as to f is a pair which lie on their polar conic y. If 
the pair also lie on LZ, y meets LZ in this pair, i. e., 7, and A, are each this 
pair of points and (y on ¢) = 2A_. 


§ 2. Some Simultaneous Irrational Invariantive Forms of the 
System: f", 


The discussion in the preceding section of the number of fixed conics associ- 
ated to /* and its contravariant ¢ suggests this more general problem : 

Given a quartic f = a! and a quartic /’ = a}, do there exist and if so, in what 
number, conics whose polars as to f have each a polar as to F’ identical with the 
original conic ? 

Such conies will also be called “fixed” conics. If ¢? is a fixed conic it must 
satisfy the identical equation 
(1) a; = Ac}. 

Equating coefficients of & we have six homogeneous equations in the six 
unknowns c,, whose determinant must then vanish, i. e., 


* Defined by SCHERRER, loc. cit. 
t CAPORALI, Memorie di Geometria, pp. 344-5. 
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2 2 9 2 9 2 
2 x ( 2 9 C 2 
2 9 2 9 
2 2 2 9 


The notation A{(2) indicates that the A-equation is formed with regard to the 
fixed conics of quartics. Since f and F’ are given as general, A}(’) = 0 must 
be viewed as a sextic in A with roots A,, A,, ---, A, such that any root put for » 
in (1) makes the resulting system consistent for the determination of the ratios 
of the coefficients c,, which will satisfy (1). 

Allowing f and /’ to interchange their roles, A}(X) is unaltered ; therefore to 
a root A, corresponds also a point conie which is a fixed conic of FP’ and f. 
Call the six fixed line conics, ¢; 


the fixed point conics, y*.,,---, 77. , 


such that ¢c;., and y7., each correspond to the root A,. If the polar of ¢?. 
as to f be called y?.,, then 7;., has for polar as to F’, X, cz. , which again has 
for polar as to f, >, Hence = or is the polar of cz., as 
to f. Similarly ¢?,, is the polar of y;., as to F’. 


(1) Corresponding to each root of the equation = 0, there exist two 


‘ 


t 


Jixed conics c;,, and y;., which are such that they stand in the relation of 
pole and polar to both f and F. 


The forms ¢;,, and y;,, are defined by the identities 


t 


Operating on the first identity with y?.,, on the second with c?., we have the 
identities 

Ya: 

Subtracting, 


tx* 


0=(A,—A, 


In general A, + A, for « + «, therefore c?. “= 0. 
(Il) Among the fixed conics of the general quartics f and F exist the fol- 
lowing apolarity relations: 3: 


Suppose now that a linear identity exists: 


If we multiply the identity (1) for X=2, by p, and sum for .=1, 2,---,6 
we have by virtue of (2) the identity 


s 
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In the same way we obtain four more identities. These can subsist only if 
the determinant 


MoM 


i. e., only if two roots of A‘(A) are equal. 

(III) Among the fixed conics of the general quartics f and F' can exist no 
linear identities. 

It follows then that c?,, is not :: y2,,(¢=1,2,---, 6). 

(IV) The coefficients of the different powers of rin the equation A}(r) = 0 
are simultaneous invariants of f and F, i. e., the roots X, are simultaneous 
irrational invariants of f and F. 

Proof of this theorem is obtained from the equation defining X, and will be 
supplied so readily that we may omit it here; so, too, the proof of the following 
theorem. 

(V) The fixed conics c?,, and x2, , belonging to f and F are simultaneous 
irrational covariants and contravariants of f and F’. 

The equation A}() = 0 arranged in powers of X may be written 


A(A) — 4+ 


where J, is a simultaneous invariant of f and F’ of degree « in the coefficients 
of each. A general expression for 7, may readily be obtained. For this we 
use temporarily a new notation. Let g = aja;=0 be a general connex * 
(2,2) where a,,a,,, represents the arbitrary coefficient of x,x,£,&,. The 
polar of cj as toy is cZa;. If c?a; = Xe; we have the analogue of the fixed conic 
previously treated, and ) will then satisfy an equation A(A)=0 which may 
be obtained from A}(2) by suppression of the symbolic factor az. 

Writing g = aja? = b; 8? = czy? = --- we have first that a seven-rowed de- 
terminant vanishes identically : 


2 2 2 b 2 
a 
* =0 (identity in and &), 


* The author hopes in future to treat some analogous problems for the general connex by the 
method of section 4. 
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since there must be a linear identity among any seven ternary quadrics. If now 
we write for the «-rowed determinant 


a 4, 

= B Y 
‘= 2 2 2 
& 


we have, taking into account the permutability of symbols, 


6! .. 6! 6! 
+ 41 G% BS, — + 
6! 


Since = Ac; , 


Replacing, then, in the identity («) the symbols x by c and making use of (8), 


' 


6! 6! 6 6! 6! 


Hence X satisfies the equation 
1 1 1 , dt 1 


Returning to the original notation by introducing the factor a? we have J, 
expressed by means of the x-rowed determinant 


9 9 
a 
a B Y 
2 2 2 


These properties of the invariants admit of immediate generalization and we 


have 
THEOREM (A). Given two q-ary n-ics in complementary variables which, 
symbolically, are f* = = and there 


exist N(p) q-ary p-ics (p =n/2), F'?, such that the polar of F° as to f*" has 
a polar as to F'” which is identically , fF’. These N(p) quantities r, satisfy 


\ 
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an equation in i of degree N(p) whose coefficients are simultaneous rational 
invariants of the same degree in the coefficients of f”" and F". 

If the coefficient of » to the highest power, be 1, of the next power — J, 
ete., the general form of J, is 


p p p 
a, 73,3 ay: a, sLe 
p eee 
§%a:1,1 a 
p eee 


The series of invariants so formed closes with Z,,,,, V(p) being the number 
of terms in the general g-ary p-ic. 

Returning to the equation A}() = 0 for the case of two quartics, the vanish- 
ing of the constant term, i. e., the invariant J, = 0 is the condition that a polar 
conic (in this case, any conic) of the one shall be an apolar conic of the other 
and it breaks up into the product of the invariants B formed for each quartic. 

(VI) The various invariants in the equation A}(X) = 0 are the results of 
the successive performance of the operation 


1 
da. 
1123 1123 


upon the final invariant J,. 

For O affects only the diagonal terms of A}(0) and acting on each gives a 
result unity. 

The only objection to the immediate extension of (VI) to the A*(2) equation 
is that the effect of the corresponding operator O upon the various elements of 
the diagonal of A*(0) is not obviously the same numerical constant for each 
element. This objection does not hold, for the general diagonal term is for 


ternary forms 
! 


A A n— 
Expanded, this becomes 


! ! ‘ 


the summation extending to all values of k, 7, m such thatk+/14+4m=n—p. 
The operator O has its various terms affected by the reciprocals of the poly- 
nomial coefficients of the form of order x. The effect of operating upon the 
general diagonal term (a) with O is then 


| 
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(b) p! (n—p)(e+k)' (X40) 
CIAL Ril m! n! ‘ 


The sum is independent of the choice of «,A, wif e+ A+u=—/p,i. 
(6) is independent of the particular diagonal term chosen. For the coefficient 
of in is 
(«+k)! 
«ik! 


Hence the coefficient of x*y'z” in the expansion of 


then (6) is to a factor p!(m — p)!/n! the sum of the coefficients of terms homo- 
geneous and of degree k +1+m=n—p in that expansion. For z=y=2, 
to the same factor, (4) is the coefficient of a”? in the expansion of 
(1 a coefficient independent of the choice of «,, if always 
«+2rX+u=p. This proof is independent of the number of letters £, 1, m 
so that (VI) admits of extension also to forms with more variables. We have 
then 

TueorEM (B). The invariant Iy,,, of theorem (A) when equated to zero 
is the condition that a polar (n — p)-ic of f" exist which :: F" and vice versa. 
If p=n/2, Iy,,, breaks up into two factors, each of which equated to zero 
gives the condition that one of the forms f" and F” have an apolar p-ic. 
The other invariants I, of the series are the results of the successive applica- 
tion of the operator 

kil! m!.-.-- 


O=c 


k+l+m+...=n + 1 +m+.- -)! a) ay Cat a! as 


where c is a constant so adjusted as to make the result of O upon a diagonal 
term of A(X) unity. 

Returning to. the fixed conics of f* and /’, their coefficients may be deter- 
mined by putting A = 2, and solving any five of the resulting equations. But 
for symmetry we may, following Hilbert, consider the modified system * 


2 2 9 2 22 = 

2 2 2 


* Here and below it seems desirable to use two notations interchangeably, writing the par- 
ticular index of the ce; sometimes above, as in ¢;; , sometimes below as in ¢;; ,. 


-1 
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Solving for the unknowns c:‘ 


‘,, wand we have 


A, denoting the minors of the matrix of the system. Then w-> A= Af(A,)=0, 
i. e., the system (3) is equivalent to the original system. Putting 


Az = 


we have 
ay ll “a 1 
2 2 9 2 2 
2 4/, 
Ce. EA )= 
2 2 
2 2 9 
But dually 
therefore 


Ai(2, E, rA)= 
Since c, on fis y, and y, on F’is c, we have 


These squares will appear in another connection. The bordered matrix 
Ai(w, &, %) is a connex (2,2) which for A=X, degenerates, i. e., breaks 
up into the product c?.,-y2.,. Arranged in powers of 2, 


K,M+A 4 Ky, 


where A, is an invariantive connex (2, 2) of degree « in the coefficients of f* 
and of K,isa;. K,is A}(a, &,0) and for a given is the line conic 
whose polar as to f has for polar as to /’ the square of the point x, with a 
dual meaning for a given &. 

And in general if the A?(X) of theorem (A) be bordered with variables 
we obtain the connex (p, p), A?(x, &, X) which has properties entirely anal- 
ogous to those of Af(a#, &, 2). 

Neither is the generality of theorem (A) diminished by the assumption 
p = n/2, for the fixed (n — p)-ics are the polars of the fixed p-ics as to f" and F’". 

We have found in the preceding section that under certain conditions /* 


and its contravariant ¢ possessed an infinite number, a pencil or even a web of 
fixed conics. For every fixed conic of f* and #’* the identity (1) holds in 
which X is a root of Af(A)= 0. But At(r) = 0 has always six roots, some of 
which may coincide. Having substituted a root in (1) the fixed conic is in gen- 
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eral uniquely determined by the resulting equations. If, however, the chosen 
root A, is such as to make every five-rowed minor of A‘(2) vanish, the fixed 
conic may be determined from any four equations but no longer uniquely. 
Instead of using four equations consider the system (3) further modified by the 
addition to each of the first six equations of a term y,y,v and the adjunction 
of the equation c?., = 0. 

Then = A3(y, 7, A,) and v = A}(a#, 7, A,), both of which are identically 
zero, i. e., the modified system is equivalent to the original system. Further, 
> Ai(x, y, &, 7, A,) where 


2 2 2 
Ay % —A, +++ 
% 12 ‘ 1Y2 , 
2, &, 0 0 


Moreover A}(a, y, &, 7, = entirely irrespective of what and y may 
be and therefore = c?.,-¢(y,#). From the dual nature of the problem must 
then 


The adjunction of the equation c?.,= 0 requires that c?., touch the line 7. 
Hence corresponding to a root A, of A}() = 0 which makes all the five-rowed 
minors of A} vanish, there exists a whole pencil of conics c,; for to any given 
line 7 corresponds one conic ¢;., which will touch it. Also to any given point 
y corresponds one conie y, which passes through it. Such a root 2, is neces- 
sarily a double root of A}(’) = 0, though to a double root only one fixed conic 
may correspond. 

In the same way if a root of A}(), necessarily a triple root, makes all four- 
rowed minors vanish there will correspond to this root a web of line conics and 
a net of point conics, the product of the web and net being given by the thrice 
bordered determinant, A}(x, y, z, &,, ). 

If finally a sextuple root of A}() makes all the elements of A() vanish, 
the root is necessarily the bilinear invariant of f and #’. Every conic will be 
a fixed conic and f and /’ will stand in the reciprocal relation of f and ¢ dis- 
cussed in §1. All these bordered determinants possess the same invariantive 
character as A} (a, &, 

The degenerations of A}()), (and in general of A*(2)) are entirely similar 
to those of Ai(X). However for the general quartic f* infinitely many F"' 


exist for which every point and line are “fixed.” Among these are every C’,,, 


of f. For let 
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S=(abé): $= (aSE)*, Az=at, 


then according to MatsaNno (Giornale di Mat., vol. 19) every C,,, belongs 
to the pencil Ac —2d. The final polar of a point p, as to f and the pencil is 


Ap, aa; + rp, BSE) = Ap,(aBy)*( Byé) + Ap, (abe )*( BSE). 


MalIsaANno shows that every symbolic expression which contains the apparent fac- 
tors (a8y)* or (abc)* contains the actual factors (aSy)* or ( abe )* respectively. 
Hence the final polar is of the form 


Ds [ uA (aBy)* + v( abe 


We have proved then (IIT) of §1. Also 
(VII) B=0 is the condition that every polar cubic of f :: 6 and vice versa, 
The corresponding fact for f, ¢ and A = 0 is stated by Matsano (loe. cit.). 


§3. Systems of Conics Connected with the Quartic. 


To a certain extent point and line conics are related to a given quartic 7 as 
are points and lines to a given conic. Thus 

(1) :: polar conic of ¢., :: polar conic of cz.,. For, by the 
hypothesis, c?, ,-cz., :: f, a perfectly mutual relation between c' and c’. 

The system of conics 

Vera Vere 

shall be called an apolar system if ¢?,, + and y?., not ::¢j.,. 
Such a system is an immediate extension of the three points and three lines 
which form a triangle and may be obtained by arbitrarily choosing six linearly 
independent point conics. The line conics will then be determined by the 
apolarity conditions. Thus taking point conics with, line conics without, poly- 
nomial coefficients we have 


CE = + 626; 
where I is the minor of y*, in 


Tua 


4 


6 6 
Tie Vs 


II. Jf in two systems each consisting of six point conics and six line conics 
the point conics of each are the polars, as to a quartic, of the line conics in the 
other system, then if either one is an apolar system, so also is the other. 
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This follows immediately from (I). 

In a certain sense the one apolar system is the polar of the other. If it coin- 
cides with its polar the system will be called a “ self-polar system” of f. Ina 
self polar system certain relations exist among the conics, determined as follows: 

If the polar of Cz.,, i.e, as to f is A, then 


(1) («=1, 2,---, 6). 


Equating coefficients of x, 2, for « = 1, ---, 6 we have a system of six non-homo- 
geneous equations whose determinant is the adjoint of A and whose solution 
gives, to a factor 1/A, 


6 

9 

l=p 


Hence already = 2m, But necessarily 


Therefore 
3 Yes —Vi2Ni2) + Ag (Vhs Ye 2 Vis) = 0, 
(3) 
A, ( Vis Ves Vis Nis) (Vii Vis Nis) 0, 
ete. 


If the point conies have been chosen as repeated lines, equations (8) are iden- 
tically satisfied. If not, they mean that a linear identity 


1=p 


exists among the line equations of the point conics. 

(111) Jf an apolar system is a self-polar system of a quartic f, a 
linear identity must necessarily exist among the line equations of the point 
conics. 

These self-polar systems may be constructed for the given quartic f as fol- 
lows: Take any conic ¢?,, and its polar, take ¢?.. :: otherwise 
arbitrary, and its polar y2..; take ¢z., :: y;,, and y2., and linearly independent 


of c, and ¢,, and its polar y?,,. Continuing in this way up to 5 we have finally 


c* completely determined by the five preceding y's. Its polar 7° is also apolar 
to the five preceding c’s by (I). In the choice of the conics c such must be 
avoided as are apolar to their own polar, else linear identities will exist among 
the conics. The choice of the system depends then on 15 constants. By (III), 
a linear identity will exist among the line equations of the point conics. 
Relations will also exist among the coefficients of the line conics, but these are 
of higher order. 


6 
= 
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(1V) The quartic f is linearly expressible as a sum of the squares of the 
point conics of any self-polar system. 

For a self-polar system of f, the necessary relations (§ 3, (3)) hold. From 
(2) then, theorem (IV) follows at once. 

This includes the expression of the quartic as a sum of the fourth powers of 
linear forms. For it is only necessary to chose the point conics as the squares 
of lines. The manner of choice is also indicated by the theorem. The first 
line is chosen at random. Since the square of the second line is to be apolar 
to the associate conic of the first it must touch it and for the same reason the 
four other lines must be the four common tangents of the first two associate 
conics. Also the first two lines must not be self-associate, as was previously 
noted for the general self-polar system (see SCHERRER, loe. cit.). 

(V) A point quartic f is expressible as a sum of squares of six point cenics, 
and simultaneously a line quartic F as a sum of squares of six line conics, 
the conics forming a self-polar system of both f and F. This reduction is 
unique. 

For, from $2, the two quartics possess one and only one common self-polar 
system. 

The following facts may now be noted: 

(a) Having fixed the homogeneous coefficients in a self-polar system of /, i 


5 


the expression 
f= 
1 


the coefficients p, are such that, to a factor independent of «,(c?.,0n f) = p, 77. 
(6) The coefficients in the linear identity of § 3, (III) are these same p’s. 
(c) The polar reciprocal of cz as to y?( = ¥/ ) is 


= P.,- 


(d) The intermediate of c? and (yy'&)’ is 


ey 


(e) The polar of c? as to (77)’ is ‘ 


+ 2P.,, = — 2, 


( Pi + pol... + 


(7) ¥°:.,, 18 the A of page 79 and is independent of «. 
Fixing the homogeneous coefficients of the conics of the common self-polar 
system of f and /’ we have 


Trans. Am. Math. Soc. 6 
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6) 


PH 
(5) 
= + Ps 6) 9 


where 7, and p, are defined by (a) and (4). 

By (d), (e) and (f’) the polar of ¢7,, as to f is 
— 2L,, miyit ---+meye 1° 
But by (d), Z,, is formed with regard to the line equation of y, and by (4), 
X7,( vy &) = 9; also by (7), 3y?,., may be neglected and we have that the 
polar of ¢?,, as to fis 7,y*.,. Similarly the polar of 7,77., as to F’ is 
™,p,¢z.,- Therefore 

(VI) Jf according to (V) § 3, the quartics f and F are put in the form 
(5), the roots of the A}(X) equation of f and F are such that, to a factor inde- 
pendent of «, 

Ay = 
We may also state 

(VII) Any two point quartics f and f' are simultaneously expressible in 
but one way as a sum of squares of the same six point conics, the associate 
conics of these point conics being the same for both f and f’, and the point 
and associate conics together forming a self-polar system of both f and f’. 
Two distinct linear identities exist among the line equations of the point 
conics. 

Theorem (III) gives a necessary condition that an apolar system be a self- 
polar system of a quartic. No other conditions subsist. For a general apolar 
system depends on 30 constants. If it be a self-polar system of some (undeter- 
mined) quartic, the line equation of one point conic is determined linearly in 
terms of the other five; this cuts out five constants. However, the ratios of 
five coefficients in the identity which gives the one in terms of the other intro- 
duce four more constants. <A self-polar system of an undetermined quartic 
involves therefore 29 constants. But for a given quartic a self-polar system 
depends on 15 constants; these added to the,14 arbitrary constants involved in 
the given quartic make up the requisite 29. 

Included in the aggregate of self-polar systems of f (15 times infinite) is an 
aggregate (14 times infinite) of systems which f has in common with line 
quartics #’ and an aggregate (also 14 times infinite) which 7 has in common 


with other point quarties 7’. 


§ 4. Conics in a Five-dimensional Space. 


It is of interest to derive some of the foregoing results from the representation 


of conics in the plane S, by means of a five-dimensional space S,. This repre- 


| 
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sentation has been developed by Stupy and others.* Use will be made chiefly 
of Stupy’s work. 

To line conics ¢, ¢,, ¢,, --- in S, correspond in S, respectively points 
P> Pov +3 to point conics 7, ¥,, in S, correspond in S, respectively 
flat spaces o,0,,¢,,---; to apolar y and cin S, correspond in S, incident 
o and p. Denote the general p-manifold in S, of dimensions / and order 7 is 
M!; the c-envelope M!. To point pairs in S, correspond in S, the p’s of an 
M* = L’*; on this lies an IJ} = F’}, the p-locus which corresponds to repeated 
points in S,. Dually, to line pairs in S, correspond in S, the o’s of an M$ = A® 
which is inscribed to an M$ = ¢}, the c-envelope which corresponds to repeated 
lines in S,. The surface /’$ occurs as double points in Z*,and A’ contains the 
envelope ¢; as double o’s. Hence the polar quadric of any p as to L* contains 
F’}; the polar quadriec of any o as to A’ is inscribed to ¢$. 

(1) Every quadric containing is polar quadric of L* and may be 
put in the form F, + where F,,---, ave linearly independent 
polar quadrics. Every quadric M3 inscribed to $$ is a polar quadric of A® 
and may be put in the form + +A,6, where $,,---, are linearly 
independent polar quadrics. 

If the second polar of p, as to L’ is c,, then the y, of p, is the reciprocal of 
the c, of o,. If the second polar of ¢, as to A* is p,, thence, is the reciprocal 
of y,. This coordination of p and ¢ in S, which corresponds in S, to the same 
conic in complementary variables is equivalent to a dual quadratic Cremona 
transformation, T, with singular surfaces 7’ and ¢}. 

Also if the mixed polar of p, and p, as to L* is o,, then y, is the inter- 
mediate of c, andc,. If the polar of o, and co, as to A* be p, then c, is the 
intermediate of y, and y,. 

Stupy (Mathematische Annalen, vol. 27, p. 87) proves that 

(II) If an contains X times and an contains times and 
further M' and M!’ correspond to each other by the transformation T, then 
between the numbers 1, 1’, X, X’ these equations exist : 


l= 27 —3nr, 7= 2/’ — 3n’, 


If then 7’ = 2 and X’ = 1, 7 = 1 or we have the 

An inscyibed to is transformed by T into a flat space 
a, i. e., every o, of the quadric M? qoes by the dual transformation T into a 
point p, which lies inc. 

Stupy (Mathematische Annalen, vol. 40, p. 574) proves further 


*Stupy, Mathematische Annalen, vols. 27 (1886) and 40 (1892). SEGRE, Atti Ace. 
Torino, vol. 20 (1885). 
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(IIT) Through a curve of order 41 lying on F’'$ may be passed a SINGLE M} 
such that every quadric M * inscribed to $$ is apolar to M'.* 

To curves of order 7 in S, (considered as made up of repeated points) corre- 
spond on F’$ curves of order 2/. Given then a point quartic f in S,. To it 
corresponds on F’} a curve of order 8 which is cut out by a single quadrice Q of 
the type described in (III). This same curve however is cut out of #’$ by w® 
quadries Q', Q),---. But of all these, Q is the only one whose polar system 
represents the polar system of fin S,. Then to the self-polar “ bases” or “ tet- 
rahedroids ” of @ correspond the self-polar systems of f treated in § 3. 

(IV) Given an M®* and M® in S,, the necessary and sufficient condition 
that M?::M? is that when five o's of a basis of M? touch M?, the sixth 
also touches M?. 

The proof is entirely analogous to the proof of the corresponding theorem for 
two conics in S,. 

Having chosen a self-polar basis of the particular quadric Q which cuts 
out of F’} the quartic 7, by (I) a polar quadric of A* may be found which 
touches five of the o’s of this basis. From (III) Q:: this polar quadric which by 
(1V) will then touch all six o’s of the basis. Since this polar quadric is also 
inseribed to $!, according to (II) Corollary, these six o’s of the basis are trans- 
formed by T into points of a certain c, i. e., among the six points a linear iden- 
tity exists. Hence 

(V) Among the line equations of the point conics of a self-polar system of 
J a linear identity exists. [See § 3 (IIT).] 

As has been said, quadries --- cut in the same curve as Q. 
Among the polar systems of these quadrics certain relations exist. Denoting 
any two by (| and every member of the pencil + also cuts in 
that curve and in general only in that curve. But by a proper choice of A, say 
X,, one of the pencil may be made to go through an additional point of F’},i. e.» 
to contain F’!; therefore 

= 


denoting by Q, a quadrie which contains F'}. By virtue of this identity we 
have an identity of polar systems or 


(pon on = (pon 
But (Q, is the polar quadric of some point say p, as to L3. Hence 
(pon = —2,(p on + (pp, on 


Since pp, on L* gives the intermediate of p and p, we have 


* The representation of conics just described together with Theorems I, II and III are taken 
directly from the cited works of Stupy. What follows is an application of Stupy’s methods to 
the proof of some of the results obtained in §§ 1 and 2. 
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(VI) The polar systems of Q; and Q), any two quadrics of the system (J 
(which includes the special quadric Q) coincide to within an additive term, 
viz., the o which is the intermediate of a fixed point p, (fired except as to 
variation with Q) and Q)) and the variable point p whose polar is taken. 

The reciprocal of @ is an M {, q, intersecting ¢) in o’s which correspond to 
the lines of the contravariant of f denoted in $1 by ¢. 

(VII) In general q is not :: every point quadric containing F}. Tf it is, 
SJ must be the “ special” quadric of § 1. 

But by (III) there is a quadric 7 which cuts cf in the same o’s as g and 
whose polar system represents that of the contravariant ¢. Applying to g and 
q the dual of proposition (VI) we have the formula : 


(VIII) (See $1 (X1)). 


The covariant conic C is then the dual of the fixed point p, in (VI). 

The polar system of the quadric g is represented in S, by the quadri-quadric 
form ¢$( 7) (see footnote, 1). 

This treatment of the quartic as a quadric in S, has the further advantage 
of indicating clearly all possible expressions of the quartic as a sum of squares 
of six conics. The expression by means of “self polar systems” is obtained 
only by means of the bases of the particular quadric Q. But every basis of 
any of the «° quadries Q', Q', --- also gives rise to an expression of the quar- 
tic as a sum of squares. An enumeration of the constants will verify this. As 
to the quartic and its contravariant ¢ we have then 

(IX) The contravariant $ is expressible as a sum of squares of the line 
conics of EVERY self polar system of the quartic f. 

This system of quadrics in S, may also be serviceable in the solution of further 
problems with regard to the quartic. For example, the quartic f has its contra- 
variant ¢, ¢, its covariant f’, ete. It would be an advance in the theory of the 


quartic to determine whether this series of quarties f, /’, ete., ever closes. 


| 
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THE COGREDIENT AND DIGREDIENT THEORIES OF 
MULTIPLE BINARY FORMS* 


BY 


EDWARD KASNER 


The theory of invariants originally confined itself to forms involving a single 
set of homogeneous variables ; but recent investigations, geometric as well as alge- 
braic, have proved the importance of the study of forms in any number of sets 
of variables. In passing from the theory of the simple to the theory of the mul- 
tiple forms, an entirely new feature presents itself: in the latter case the linear 
transformations which are fundamental in the definition of invariants may be 
the same for all the variables or they may be distinct, i. e., the sets of variables 
involved may be cogredient or digredient. Multiple forms thus have two dis- 
tinct invariant theories, a cogredient and a digredient. 

The object of this paper is to study the relations between these two theories 
in the case of forms involving any number of binary variables. Geometrically, 
such a form may be regarded as establishing a correspondence between the ele- 
ments of two or more linear manifolds; in the digredient theory the latter are 
considered as distinct, thus undergoing independent projective transformations, 
while in the cogredient theory the linear manifolds are considered to be super- 
posed, thus undergoing the same projective transformation. The first part of 
the paper, $$ 1-5, is devoted to the double forms. The extension of the results 
is made first, for convenience of presentation, to the triple forms in § 6, and then 
to the general case in § T. 

The case of the double binary forms is perlfaps the most interesting geometri- 
eally. In addition to the general interpretation by means of an algebraic cor- 
respondence between two manifolds, such a form may be interpreted as an 
algebraic curve on a quadrie surface, or as a plane algebraic curve from the 
view point of inversion geometry. In the former of these special interpreta- 
tions the two binary variables are the (homogeneous) parameters of the two sets 
of generators on the quadric, while in the latter they are the parameters of the 
two sets of minimal lines in the plane. These interpretations suggest the 


* Presented to the Society under other titles August 20 and December 27, 1901. Received 
or publication August 4, 1902. 
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contact with the theory of quaternary forms established by the author* in 
the first volume of the Transactions. This contact is made use of in §3 
of the present paper to connect the cogredient theory with that of quater- 
nary forms. 

The general results are applied in $3 to the quadri-quadric, and in § 4 to 
bilinear forms. 


§ 1. The principle of adjunction. 
The transformations considered in the digredient theory are of the type : 
(1) 


Yo = My Y, My Ys My 
involving six essential parameters 


while the cogredient transformations are of the type: 


MY, + : Na + 


involving three parameters 


The fundamental groups are thus a six-parametric G, for the digredient, and a 
three-parametric G, for the cogredient theory. The relation between the groups 
is obtained by observing that the transformations (2) leave invariant the equa- 
tion 


(3) 


and that conversely any transformation (1) which leaves invariant this equation 
is of form (2). The relation may be stated as follows: 

The cogredient group G, is a subgroup of the digredient group G,, consist- 
ing of those transformations of the latter which leave invariant, except for a 
factor, the bilinear form T = x,y, — 
Consider now the general double binary form 


k=n h=m 
m n 
k=1 
the relation between the symbolic and the real coefficients being 


(5) dy, = ah at Bi-* 83. 


* The invariant theory of the inversion group: geometry upon a quadriec surface, Transactions 
of the American Mathematical Society, vol. 1 (1900), pp. 420-498. 
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A cogredient comitant * is any function possessing the invariant property 
with respect to the group G,, and a digredient comitant one possessing it with 
respect to G,. According to the Clebsch-Aronhold symbolism the cogredient 
comitants are expressible symbolically in terms of the types: 


(ab), (a8), (aa), 


(6) a, a, a, 
(xy). 

Of these types only the following four are also digredient : 

(7) (ab), (a8), a,, as 


and all digredient comitants are expressible in terms of these. Thus, as is 
obvious also from the relation of the groups, every digredient comitant is also a 
cogredient comitant, but the converse is not true. + 

We consider now the digredient symbolic types belonging to the system 


(8) f= T= = — = (zy). 
These are as follows: 

(ab)., (a8), (at)(ar), 
(9) a,, a (ta)r,, (ta)t,, 

(tt’)(tT’). 

The types not involving 7’ are common to (9) and (6); the remaining types 
may be reduced by taking into account the special values of the coefficients 
of 7, 


=¢7,=9, t, =t.7,=—l1, t,,=t 
Thus 


(at)(ar) = (a,t, — a,t,)(4,T, — ) 
= 4,4, tT 4, tT, — a, a,t,T, + a,%,t,T, 
= — = (a4); 
and similarly we find the other relations in the following set: 
(at)(ar) = (ax), 
(10) (ta)7, =a, 
(ét')( rr’) = 2, tt, = (ay). 


(ra)t =a 


x? 


*The term comitant proposed by REUSCHLE (Verhandlungen, Ziiricher Kongress 
1898, p. 123) seems destined to replace the unnecessarily cumbersome term concomitant due to 
SyLvesTER. Cf. Encyclopidie der mathematischen Wissenschaften, vol. 1, p. 325. 

+ CAPELLI, Giornale di Matematiche, vol. 17 (1879), p. 71; CLEBscH-LINDEMANN, 
Geometrie, vol. 1, p. 951. 
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By means of these relations the sets (6) and (9) are observed to be intimately 
connected, and the connection between the corresponding invariants can now be 
obtained. Any digredient comitant of f and 7’ may be expressed in terms of 
the types (9). If then we introduce for the coefficients of 7’ the special values 
0,1,—1, 0, or, what is equivalent, if we make use of the relations (10), we 
obtain an expansion in terms of the types (6), which is homogeneous in all the 
symbols involved and therefore represents a cogredient comitant of f. Thus 
every digredient comitant of f, 7’ gives rise to a unique cogredient comitant 
of f. 

‘the converse question is not so easily disposed of. A cogredient comitant of 
J is expressible in terms of the types (6), and by means of (10) thus gives rise 
to an expression in terms of the types (9). The result will not be a digredient 
comitant unless it is homogeneous not only in the coefficients of f but also in 
those of 7’; this homogeneity, however, can always be introduced by making 
use of the relation 
(11) i = 


Thus if the original comitant is J, + J, + ---, where the terms are products 
of factors of the types (6), all of the same degree in the symbolic coefficients 
of f, the transformed expression will be J; + J; + ---, where the terms are 
products of factors of the types (9) all of the same degree in the coefficients of 
JS but of possibly different degrees in those of 7’. The differences between 
the degrees of the various terms, as proved by a simple enumeration, are neces- 
sarily even and therefore can be removed by introducing powers of i; so that 
the digredient comitant is of the form 


It is thus seen that any cogredient comitant may be obtained by transforma- 
tion from a digredient. It remains to show that the correspondence is essen- 
tially unique, i. e., the digredient comitants which give rise to the same 
cogredient comitant are identical except for factors of the form ix. The proof 
depends upon the following 

Lemma.— Jf the cogredient comitant obtained by transformation from a 
digredient comitant vanishes identically, then the latter also vanishes 
identically. 

According to a theorem* of GorDAN, the cogredient comitant, since by 
assumption it vanishes identically, can be put into the form 


J= 


where 2, is of the form 
(qr) (st) + (78) (gt) + 


* GORDAN-KERSCHENSTEINER, Vorlesungen tiber Invariantentheorie, vol. II, p. 132. 
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q, 7,8, denoting any four of the symbols a, a,b, 8,c¢,7,---. Thus there 
are three possibilities : 

1°. The four symbols involved may be all cogredient, as a,b,c, d; 2°, there 
may be three of one kind and the fourth of the opposite kind, as a, b, c, $; 
3°, there may be two of each kind, as a, b, 6, y~. Consider now the symbolic 
expression B’ obtained from B by means of the relations (10). In case 1°, 


B’ = (ab)(ed) + (be)(ad) + (ca) (bd) 
which vanishes by the fundamental identity in the theory of binary forms. 
In case 2°, 
B’ = (ab)(ct)(r) + (be)(at)(gr) + (ea) (bt) 
= (gr) {(ab) (et) + (be)( at) + (ca) (dt)}, 
which also vanishes in virtue of the second factor. In case 3° it is necessary 
to introduce i in order to preserve homogeneity. Thus 
B = 3(ab)( dy) )( 77’) + (bt) (Gr) ( at’) — (at) (br) 
By permuting the equivalent symbols ¢, ¢’ and 7, 7’, and adding we have 
2B’ = (ab) (dy )( tt’ )(77’) 
+ [($7)( + (7H) [( at’ ) (Ot) + (06) (at) ] 
= (ab)(dy)(tt’)( + (Wd) )(ba)(t't) = 0. 


In all cases therefore B’ vanishes identically. The digredient comitant corres- 
ponding to J is however expressible in the form 


JB, 
and therefore also vanishes identically, thus proving the lemma. 
To apply the lemma, consider any two digredient comitants J; and J) which 
give rise to the same cogredient comitant J. Then J; and J} must be of the 


same degree in the coefficients of f, and the difference of their degrees in the 
coefficients of 7’ must be even, say 2A, so that we may build the comitant 


Ji DS). 


By transformation this gives rise to the identically vanishing cogredient comi- 
tant J — J, and therefore by the lemma J; = iJ}. 
The fundamental results thus obtained may now be summed up in the 
THEOREM.— The cogredient theory of any system of double binary forms 
= is connected with the digredient theory of the enlarged system X' = (=, T) 
obtained by adjoining the bilinear form T=x,y,—x,y,. Every digredient 


comitant of the latter system gives rise to a cogredient comitant of the former 
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system ; conversely any cogredient comitant may be obtained in this way, the 


corresponding digredient comitant being unique except for a factor i. 


As regards the three geometric interpretations of double binary forms men- 
tioned in the introduction, the bilinear form 7’ is represented by an homography, 
a conic, and a circle, respectively. We may therefore state the following results: 

The study of an algebraic correspondence between two superposed linear 
manifolds is equivalent to the study of the same correspondence between dis- 
tinct manifolds together with an homography 7’. 

The digredient theory is illustrated by the projective geometry of algebraic 
curves on a quadric surface; the cogredient theory by that of the same curves 
together with the conic 7’. 

The vanishing of a digredient invariant of a double binary form denotes a 
property of the corresponding plane curve which is unaltered by the transfor- 
mations of the inversion group; the vanishing of a cogredient invariant denotes 
a relation between the curve and the circle 7’. 


§ 2. Relations between complete systems. 


Having considered the relation between the individual comitants we proceed 
now to the relation between the complete systems corresponding to 

I: The cogredient theory of any set of double binary forms =; and 

Il: The digredient theory of the enlarged set 2, 7’. 


Let J}, J), --- be a complete system of comitants for II, so that any digre- 
dient comitant J’ may be expressed in the form 
, rk 
(1) J’ = 


where the c’s are numerical coefficients. Then if we denote by J, the cogre- 
dient comitant obtained by transformation from J; we have, for any comitant 
of I, 


k 
(2) 
That is, 
A complete system for IT becomes on transformation a complete system for I.* 
Passing to the converse question, let /,, J,, --- denote any complete system 


for 1, so that any cogredient comitant may be written in the form (2) ; and let the 
corresponding digredient comitants (unique except for factors i’) be J} ---. 
Consider the general digredient comitant J’, and assume that the transformed 
comitant is J. Then passing from the right hand member of (2) to a corres- 


* Moreover, in virtue of (11), those members of the first which when multiplied by a power 
of i are expressible in terms of the remaining members of the system may be omitted ; the result 
is still a complete system for I. For an analogous result in a different domain compare STuDyY, 
Leipziger Berichte, vol. 49 (1897), p. 458. 
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ponding digredient comitant (introducing if necessary powers of i to preserve 
homogeneity ) we obtain 


(3) 


We thus have two digredient comitants, J’ and (3), which on transformation 
give rise to identical cogredient comitants, and therefore can differ only by a 
factor i. That is any comitant of II may be expressed in the form 


, tk rl 
BS’ = Veit 


Thus J|, J}, --- do not necessarily constitute a complete system in the ordinary 
sense, since in the expression for J’ the coefficients need not be numerical but may 
involve positive or negative powers of i. We may state the result however as 
follows : 

To a complete system for I, there corresponds a system for II, such that 
every comitant of II multiplied by a proper power of i is rationally and inte- 
grally expressible in terms of the members of the system together with i; the 
new system is thus complete provided i is adjoined and i is regarded as an 
integral invariant. 

The digredient theory of any set of double binary forms 


S= T =t,1,, 


including a bilinear form, is thus partially reduced to the cogredient theory of 
the same forms with the omission of 7’. The latter theory is simpler than the 
former, since by a theorem of CLEBSCH * it is always possible to obtain an equiva- 
lent set of simple binary forms. Thus, considering for simplicity only one 
double binary form /, the equivalent set of simple forms is 


where it is assumed that n = m. 

The problem of finding a system of digredient comitants for any set of 
double binary forms containing a bilinear form, possessing the property of a 
complete system when iis included in the domain of numerical coefficients, may 
be reduced to the problem of finding a complete system for a related set of 
simple binary forms. 

When one pair of the variables is involved only linearly, say f= a" a, the 
related set contains only two members : 


a"a., (aa)a". 


*CLEBSCH, Ueber eine fundamentale Aufgabe der Invariantentheorie, Gittinger Abhand- 
lungen, vol. 17 (1872), p. 39. 


mm 
— 
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Thus for the case n = 1, the set of digredient invariants of a?,, t,r, could be 
obtained from the invariants of the cubic form C* = a’ 2, together with the 
linear form MM = (aa)a_, which in turn are easily derived from the invariants 
and covariants of the cubic. The resulting three invariants together with the 
invariant i constitute the required system. 


§ 3. Relation to the theory of quaternary forms. 


In the writer’s paper on The Invariant Theory of the Inversion Group, pub- 
lished in volume I of the Transactions, a connection was established between 
the digredient theory of double binary forms and the theory of a correspond- 
ing system of quaternary forms.* The comitants of a double form f= a’ a" 
of the same degree in each of the binary variables (i. e., an “ equi-form”) may 
in fact be derived from the comitants of the system of quaternary forms 
F = A, Q@=px-t This relation will now be combined with that just estab- 
lished between the cogredient theory of f and the digredient theory of f, 7’. 
The quaternary system corresponding to /, 7’ contains, in addition to F’ and Q, 
a linear form Z = L, corresponding to the bilinear form 7’. 

The cogredient comitants of any system of equi-binary double forms may 
be obtained from the comitants of a related system of quaternary forms whose 
degrees are the same as those of the binary forms together with a quadric and 
a linear form. In particular the invariants of the binary forms correspond 
to the invariants and contravariants of the related quaternary forms and the 
quadric. 

If we recall in addition the connection between the cogredient theory and the 
simple binary theory, we have in all four related systems. Assuming for sim- 
plicity that there is only one double binary form, these may be denoted as fol- 
lows: 


(A) Quaternary: P= AY, L= Ly, 
(B) Digredient double binary: f= ata", T= t,1,; 


(C’) Cogredient double binary: f= a" 2"; 


y 


(D) Simple binary: ¢, = (aa) 


The comitants of any one of these four systems may be derived from the 
comitants of any other, provided, in the case of (B) and ( C) only comitants of 
the same degree in x and y are considered. But only the theories (C’) and (D) 
are entirely equivalent. Thus we have seen that a complete (2B) system gives 
a complete (C’) system, but that in passing from a(C’) system to a (B) system 


* Cf. chapter IV of the paper cited. 
t Ibid., p. 468. 
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it is necessary to adjoin the invariant i and to consider its reciprocal as an inte- 
gral invariant. A similar relation holds between the complete systems of (A ) 
and (4): in passing from the latter to the former, A = ,',( pp’ pp” )’, the dis- 
criminant of Q, must be adjoined and its reciprocal counted integral. * Finally 
in passing from (C’) or ( D) to ( A) it is necessary to adjoin the two invariants 
A and i’ = (pp'p" LS (the latter being the quaternary analogue of i), and to 
consider the reciprocals of both as integral. The relation between the first and 
last theories, (A ) and (), may be stated as follows: 

The theory of any set of quaternary forms containing a quadric and a linear 
Jorm is intimately connected with the theory of a related set of simple binary 
Jorms. A complete system of comitants for the former set gives a complete 
system for the latter, but the converse is only true provided the invariants A 
and i' are adjoined and their reciprocals counted integral. 

As a concrete illustration consider the problem of finding the complete sys- 
tem of cogredient invariants of the quadri-quadric a?a?. On the one hand we 
may pass to the related simple binary forms consisting of the biquadratic 
a? the quadratic (ax)a,a,, and the invariant (az)*. The system of the 
biquadratic and the quadratic + contains six invariants, so that in all there are 
seven invariants in the required system. In order to obtain the actual expres- 
sions it is simpler, however, to pass to the related quaternary forms, which in 
this case are A%,, pi, Ly. The required invariants are derived from the inva- 
riants and contravariants of the two quaternary quadrics, by means of the 
digredient invariants of t,7,. The complete system of cogredient 
invariants of the quadri-quadric a? 2° is thus found to contain seven invariants : 


=—(aa)’, 
27 = —(ab)*(a8)’, 
= —(ab)(a8)(a2) (68), 
8J = —(ab)(be)(ca)( 48) ( By) (92), 
x’ = {(ac)(aB)(by) — (ab) (ay)(eB)}*, 
24K = {(ac)(bd)(a8)(8) — (ab)(ed)(ay)(88)}?. 


Z’ = the transformed Jacobian of ¢, X, a’. 


To illustrate the derivation consider the contravariant$ ~ = }(pABu)? of the 


* Transactions, vol. 1, p. 468. 

t CLEBSCH, Bindre Formen, §60. Cf. CAPELLI, Sopra la corrispondenza (2, 2), Giornale di 
Matematiche, vol. 17 (1879), p. 72. 

{ Transactions, vol. 1, pp. 477, 478. 

2 ibid., p. 476. 
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quaternary quadrics A‘, pi. This, on passing to the digredient theory, gives 
the invariant * 


— (ab)(a8)(at)( bt’ )(ar)( Br’) 
of the double forms a? a’, ¢,r,. Employing the relations (10) of § 1, namely 
(at)(ar)=(ax), (bt’)( Br’) = (08), 
we derive the cogredient invariant 
— (ab)(aB)(ax)(b8), 


which is denoted by y’ in the above list. 

The non-symbolic values of J, J, A are given on p. 479 of the author’s 
paper already cited; those of ¢', y’, vy’ may be obtained by expanding the 
determinant: 

Ay + Ao a, +P 


+ Ay + — 2p Ay+ ay, = + p+x’. 


§ 4. The cogredient system for bilinear forms. 


The complete system of digredient comitants of any number of bilinear forms 
has been obtained by PEano.+ Let the forms be 


= 2,4, + + ba + Ys etc. 


Then the invariants are of the types: 


i, = (ab) (a8) = — — Ay, + 
Ay Ay 
= (ac) (bd) (a8) (78) — (ab) (ed) (ay) (88) = 
Cyr 
d, d@, d, d,, 


*Ibid., p. 478. 
t Giornale di Mathematiche, vol. 20 (1882), pp. 81-88. Cf. Transactions, vol. 1, pp. 
444, 445. 


= 
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and the covariants, in addition to 7, f,, ---, are of the types: 


12 21 22 
G23 = (ac) (a8) —(ab)(ay)e, = 
ul Cie Cy 
= (48)a,b, = (a,,5,, — ) + (Gy — — + ,,) 
+ (Gy, — 


M, = (ab)a, = (a,,b bi) + (4, — — a,,b,.+ bi 
+ (a,,6 — bin) 


To find the cogredient system it is merely necessary to adjoin the fundamen- 

tal bilinear form 
T= tT, = — 

( which it will be convenient to denote here by f,) to the bilinear forms f, , f,, - -- 
above. The comitants of the enlarged system, in addition to the types written 
above, give certain new types, which may be obtained either symbolically or 
through the non-symbolie oe Thus the invariant of f,, f, is (at)(ar), 
which, by the relations (10) § 1, reduces to (az). The same invariant is 
obtained from the non- wt Ae form 


a boo — a, + ty 


11 
by introducing the special values of the coefficients of 7’ 


¢,=9, ¢,=1, t,, = —1, t 


namely, 


The two new types of invariants are thus found to be 
= (az) =4,,—a,, 
- Bq | 
= (ae) (by) (48) — (ab) (cB8)(ay)= 6, b,4+6, 5, 3 


Cn Cie > Cy C22 


and the new types of covariants, 


Ino = — (ab)a,B, (a8)a, b= b, by I> 
= 4,4, = 4,27 + + 2, + 


My, = 4,4, = + + + 


— 
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The complete system of cogredient comitants for any number of bilinear 


Jorms consists of the invariants of types 


10? 1? 12 
and the covariants of types 


VW 


Ji L ol? J 123° 


10? 


Geometrically, a bilinear form represents a (1, 1) correspondence or homo- 
graphy, and from this point of view such forms have been extensively studied.* 
The above system of invariants is thus fundamental in the theory of sets of 
homographies with superposed carriers. As regards the special interpretations 
mentioned in the introduction, a bilinear form represents a conic on the quadric 
surface or a circle in the inversion geometry of the plane. From the latter 
point of view the vanishing of the invariants above may be interpreted as rela- 
tions between the set of circles 7, f,, --- and the fundamental circle 7’.+ 


§ 5. The group of a bilinear form. 


It has been seen in $1 that the cogredient group may be regarded as a sub- 
group of the digredient group, namely, as that subgroup for which the special 
bilinear form 7'= x,y, —,y, is invariant except for a factor. We proceed 
now to the subgroup defined by the general bilinear form 


S= = + 812%, + 8%, Y, + Yos 
with non-vanishing determinant 


1( 80’ 
T= 3(88') (00°) = 8,8 — 8,8), 
and to the theory of invariants founded upon this subgroup. 
The general digredient transformation involves six parameters, but since S is 
to be transformed except for a factor into itself, only three arbitrary constants 
remain ; the group under consideration therefore involves three parameters and 


may be denoted by /7/,.¢ 


* Most of the comitants, but not the complete system, are discussed from this point of view by : 

STEPHANOS, Mémoire sur la représentation des homographies binaires, etc., Mathematische 
Annalen, vol. 25 (1883), pp. 299-360 ; 

BATTAGLINI, Sulle forme binaire bilineari, Giornale di Matematiche, vol. 25 (1887), 
pp. 281-297 ; 

ANDOYER, Théorie des formes, vol. 1 (1900), p. 77. 

+ Cf. Transactions, vol. 1, p. 447. 

t The theory of the transformations H,, in invariant form, can be elaborated along lines simi- 
lar to those employed by StupDy in his treatment of the automorphic transformations of a quad- 
ric, Leipziger Berichte, vol. 49 (1897), p. 454. 


Trans. Am. Math. Soc. 7 
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Since neither 7’ nor S has a vanishing determinant, they are equivalent in 
the digredient group; there exists then a transformation 2 of the group G;, 
which transforms the one into the other, or, in symbols, 


Ze S. 


It follows that the groups for which 7 and S respectively are automorphic, 
are also equivalent, and that /7Z, is the transform of G, by 2, 


G,2=H,. 


From this equivalence of the groups results the equivalence of the correspond- 
ing invariant theories: the comitants with respect to the group H, may be 
obtained from the cogredient comitants by means of the transformation 0, and 
conversely the latter comitants may be obtained from the former by means of 
the inverse transformation 0-'. 

The fundamental symbolic types for the cogredient theory are given in (6), 
§ 1; in the correspondence just indicated the analogue of (az) is 


[aa] =(as)(ac). 
Therefore 
The fundamental symbolic types in the invariant theory of the group H, are 


(ab), (aB), [aa] = (as)(ac), 


with corrresponding types for the covariants. 

The types are all seen to be digredient comitants after the adjunction of S to 
the forms considered. 

The totality of comitants of any set of double binary forms with respect to 
the group H, may be obtained by adjoining S and treating the enlarged sys- 
tem digrediently. 

§ 6. Triple binary forms. 

We shall consider next in order forms involving three binary variables 
% 2%, Tepresented symbolically * by 
The independent transformations of the three variables now form a nine-par- 
ameter group G'‘,, while the cogredient group as before is a G, involving three 


* Throughout the section the symbolic coefficients connected with the variables z, y, < are 
denoted by small italics, small Greek, and italic capitals respectively. 


1903] THEORIES OF MULTIPLE BINARY FORMS 99 


parameters. The cogredient transformations leave invariant the fundamental 
bilinear forms : 


(2) 


Ny 
I 
8 
| 
= 


In defining G, as a subgroup of G, it is, however, not necessary to include all 
three of these forms; any two are sufficient. Any one of the three is in fact a 
covariant of the other two. Thus the transvectant of # and S, with respect to 
x, the variable common to both, 


(3) [R, S] =(rs)p, 8, 


reduces to y,2, — y,2,, that is to 7’. 

It may be proved, by a method entirely analogous to that employed for the 
double forms, that if the three bilinear forms are adjoined to f the digredient 
theory of the enlarged system 


(4) Jf. 


is equivalent, with restrictions similar to those stated in the theorems of § 2, to 
the cogredient theory of the single form f. The relations between the sym- 
bolic types of the two theories are: 


(5) (aa)=(ar)(ap), (aA)=(as)(AS), (ad4)=(ar)(AT), 


with similar results for the covariant types. Since, however, 7’ is a (digredient) 
comitant of # and S, it may be omitted from the system (4), i. e., the system 
(4) is digrediently equivalent to the reduced system 


(6) 


The cogredient theory of any set of triple binary forms is (roughly) equiva- 
lent to the digredient theory of the enlurged set formed by adjoining a pair of 
bilinear forms. 

As to the symbolic relations, the first two of the set (5) remain unaltered, 
but in the third it is necessary to eliminate 7’. This can be effected by employ- 
ing the result established above, 


From this it follows that 


(ar)(AT)=(rs)(ap)(AS). 


R= = 
y? 
S 
a 
("8 )p 
S 
J 


100 E. KASNER: THE COGREDIENT AND DIGREDIENT [January 


The fundamental relations for the invariant types are then, 
(7) (aaz)=(ar)(ap), (aA)=(as)(AS), (aA) =(rs)(ap)(AS). 
Similarly, those for the covariant types are 


a,=(ra)p,, a =(pa)r,, 
a,=(sa)S., A,=(SA)s,, 


a,=(rs)(px)S.,  A,=(rs)(SA)p,. 


$7. Multiple binary forms. 


In the discussion of the general case, where the forms involve any number of 
binary variables, it will be convenient to distinguish the several variables by 
accents, instead of using distinct letters as in the case of the double and the 
triple forms. Let the v binary variables be 


and the corresponding symbolic coefficients, 


A, : A,, A, : Ay, AM: AM, 


l 


so that the general v-tuple form is represented by 


The digredient group contains 3v parameters, and the cogredient three; they 
may be denoted by G,, and G,, respectively. The cogredient transformations 
leave invariant the following }v(v — 1) forms: 


where (iA) denotes merely a double superscript. If the transvectant of any two 
of these forms which have one index in common is formed with respect to the 
common variable, the result is one of the forms ‘of the same set. For the trans- 
vectant 


on evaluation, reduces to — therefore 


The set of 3v(v—1) bilinear forms T,, is thus a closed system, in the 
sense that the process of transvection, applied to forms having a variable in 


common, yields no additional forms. 


i] 
{ 
| 
j 
} 
} 
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The fundamental theorem connecting the two theories of multiple binary 
forms may now be stated as follows: 

The cogredient comitants of any set of v-tuple forms may be obtained from 
the digredient comitants of the enlarged set formed by adjoining the v—1 
bilinear forms T,,, T,,, +++, 

The proof follows the same lines as in the preceding section. In the first 
place the above relation holds when all the forms 7, are adjoined. For then 
the fundamental symbolic cogredient comitants of the original forms f may be 
expressed as digredient comitants in the enlarged set f, 7., as follows : 


(APA ) = )(A 
AX, = 


In the second place, from (3), it follows that all the forms 7, not belonging to 
the set 
may be expressed as transvectants of this reduced set. Therefore the system 
J, T,, may be reduced to f, 7,,, 7,;,---, Z,,, the two being equivalent in the 
digredient theory. This completes the proof of the above theorem. 
The fundamental symbolic relations are for the invariants, 


(A’A®) = ( (AM 70), 
(AMA) (AM 709) (AM 7H), 


and for the covariants, 


= (tA’) 


x) 
(li a 1 
A® = (1AM) £39, 


A®, te) ) ron, 
where i + k, and both i and & are distinct from unity. 

In the case of double forms there is only one bilinear form 7’, and by trans- 
formation the results obtained could be extended to the group for which an 
arbitrary bilinear form is automorphic ($5). If in the present general case we 
apply an arbitrary transformation of the group G;,,, i. e., independent linear 
transformations of the v variables, it is possible to derive from 7,,, 7,;, ---, T;, 
an arbitrary set of vy —1 bilinear forms in the pairs of variables indicated by 
the subscripts, since in each form there is present a variable not occurring in 
any of the others. The forms resulting from the transformation of the remain- 
ing forms 7, are then completely determined by the condition that they must 


| 

(et " — ~ rt 
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be the transvectants of the set of y—1 forms just considered. Applying the 
theorem above concerning the set 7’, we have the following result. 
Consider any set of v—1 bilinear forms S,., S,,, +--+, S,,, in which the 


v? 


subscripts indicate the two binary variables occurring in the form. Tf to 
these are added the transvectants of the forms taken two at a time, the result 
will be a closed system of 4v(v—1) forms, in the sense that no new forms can 
be obtained by applying the process of transvection. Such a closed system 
S,, can be transformed into itself by a triple infinity of digredient transforma- 
tions forming a group G., isomorphic to the cogredient group G,. 


CoLUMBIA UNIVERSITY, NEW YORK. 
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ON THE ENVELOPE OF THE AXES OF A SYSTEM OF CONICS 


PASSING THROUGH THREE FIXED POINTS* 
BY 
R. E. ALLARDICE 


In a recent number of the Annals of Mathematicsf I have shown that the 
envelope of the asymptotes of a system of conics passing through three fixed 
points consists of two three-cusped hypocycloids, touching the three straight 
lines that join the three fixed points in pairs. I propose now to show that the 
envelope of the axes of the same system of conics consists of two three-cusped 
hypoeycloids touching three concurrent straight lines. 

The foci of a conic may be regarded as four of the vertices of a complete 
four-side circumscribing the conic, the other two vertices being the circular 
points at infinity ; then the straight line at infinity is one diagonal line of this 
four-side, and the axes are the other two diagonal lines. 

The codrdinates of the circular points at infinity are (1, — e“, —e~*‘) and 
(1,—e-“, — e*'); let us denote these points for the present by (x,, y,, 2,) and 
Yor 

Let the equation of the conic be 


yr +A, 20 + A, ey = 0, 


the three fixed points through which the conic is to pass being the vertices of 
the triangle of reference ; and put 


AY A AMY, Ty = Ay H Aye + Ye 5 


oU oU oU oU oU oU 
dn oy 1 Oz’ tha, 


* Presented to the Society (Chicago) January 2,°1903. Received for publication August 2, 
1902. 

t On some curves connected with a system of similar conics, Annalsof Mathematics, 2d 
series, vol. 3 (1902), p. 154. 
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The equations of the tangents from the circular points at infinity are 
U, =4U00, 
and 
U, = 4UU,; 
and the foci are the intersections of these two pairs of straight lines. 
The equation U,U;° = U,U > evidently represents a third pair of straight 
lines passing through the foci, and must therefore represent the axes. 
Now the condition for similarity may be expressed in the form * 


(Aj sin? A — sin B sin C’) = cos A + A, cos B + 2, cos 4 
where ¢ is the tangent of the angle between the asymptotes ; or, 


> (Aj — 22,A, cos A) = 8*(A, cos A + A, cos B+ A, cos C’)’, 


that is, 
UU, =F", 


where s is the secant of the angle between the asymptotes, and 
P =X, cos A + A, cos B + A, cos C. 
Hence the equations of the axes may be expressed in the form 


or U,U'=sPU'; 


and 
U,U,=-—sPU,, or U,U,=—sPU;,. 


Using the first of these equations, we may write the tangential codrdinates of 


the corresponding axis in the form 


( + Ay.) — sP ( Az, + AW, )> 


U, ( + X,2,) — sP( Aw, + )s 


w= (AY, + — 8sP (AY, + 
Noticing that 


Ai + + + + = — 2P, 
we have, on multiplying these equations first by «,, y,, 2, and adding, and then 
by 2,, %,, and adding, 
W = + yyw + 2,0 = 2U,U, + 


*See the paper entitled, On some curves, etc., referred to above. 
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Hence, taking account of the relation = s’P’, we find, 


V 2s(s +1) V2(s+1)W 
Now writing the coordinates in the form 
u + 
v = 
and using the equation 
P =, cos A +A, cos B + cos C, 
we have, on eliminating A,, A,, , the relation 
u 0 z,U,—2z8sP y,U,—y,3sP 
v 2,U,—2zs8P 0 2, U, —2x,sP 
y,U,—y,8sP 2,U,—2,sP 0 
cos A cos B es C | 
On substituting the values of P and U, found above, and reducing by means of 
the relations 
2,V+2,W=2(u—veos C—weos B), ete., 
we finally obtain the equation of the envelope in the form 
u 0 ucos B+veos A—w weosA+ucosC—v 
v ucos B+¥v cos A—w 0 veosC+weos B—u 
w weos A+ucosC—v veosC+weos B—u 0 
1/(s +1) cos A cos B cos C’ 
or 


> [u(v cos C+ w cos B—u) {ucos( B— C) —v cos B—weos C} 


(v cos C+w cos B—u)(w cos A+ucosC—v)(u cos B+v cos A—w)=0. 


It may be shown that this curve has the straight line at infinity for a double 
tangent, the circular points at infinity being the points of contact. 


- 
| 
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It must therefore be of the fourth order and have three cusps; and hence for 
all values of s (except s = — 1) it is a three-cusped hypocycloid. 

It may easily be shown that it always touches the perpendicular bisectors of 
the sides of the triangle of reference; in the specia! case, s = — 1, the curve 
degenerates into the points at infinity on these three lines. 

The two axes envelope the same curve only in the case of the equilateral 
hyperbola, for which s =o. 


STANFORD UNIVERSITY, CALIFORNIA. 
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A JORDAN CURVE OF POSITIVE AREA* 


BY 
WILLIAM F. OSGOOD 


The most general continuous plane curve without multiple points may be 
defined as a set of points which can be referred in a one-to-one manner and con- 
tinuously to the points of a segment of a right line, inclusive of the extremities 
of the segment, if the curve is not closed ; and to the points of the circumference 
of a circle, if the curve is closed.¢ Such a curve is called a Jordan curve. It 


may be represented analytically by the equations 

x= (t), y=v(t), 
where ¢, ¥ are single valued continuous functions of ¢ in the interval 0 =¢=1 
and where the equations 


= o(t), =¥(t), 
x’, y’ being given, admit at most one solution in the interval 0 = ¢ = 1, when 
the curve is not closed. In the ease of a closed curve 


$(0)=¢(1), y¥(0)=y(1); 


otherwise, the above equations admit at most one solution. 

JORDAN has shown that the area of a rectifiable curve is always null.{ But 
the question as to whether the exterior area § of a general Jordan curve is neces- 
sarily null has, so far as I know, never been answered.|| The example of this 


* Presented to the Society December 30, 1902. Received for publication December 6, 1902. 
t This is essentially JoRDAN’s definition, Cours d’analyse, vol. 1, 2d ed., p. 90. The geomet- 
ric formulation of the text is due to HURWITZ, Ziirich Address, Verhandlungen des ersten inter- 
nationalen Mathematiker-Kongresses in Ziivich vom 9. bis 11. August 1897, Leipzig, 1898, p. 102. 

t loc. cit., p. 107, § 112. The area here meant is that of the curve regarded as a set of points ; 
not the area bounded by a closed curve, ¢/. inj. 

2 The exterior area (cf. PEANO, Applicazoni geometriche del calcolo infinitesimale, 1887, p. 156) 
may be defined as follows: Divide the plane into a network of squares whose sides are of length 
2-" and let s, be the sum of the areas of all those squares which contain in their interior or on 
their boundary a point of the curve. Then s, is a positive variable that decreases or remains 
constant as n increases. Hence it approaches a limit when n—o. This limit, 7—limit s,, is 
the exterior area in question. 

|| JORDAN raised a somewhat indefinite question as to whether the area of a curve 
x=9(t),y=v(t) may be “ indeterminate,’’ and PEANO answered by referring him to PEANO’s 
space-filling curve, Mathematische Annalen vol. 36 (1890), p. 157; ef. L’ Intermediaire 
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paper suffices to answer it in the negative. I was led to the construction of the 
curve through the consideration of some of the possibilities for the boundary 
of a simply connected region whose boundary points can all be approached along 
curves lying wholly in the region.* 

We proceed to the consideration of the curve. It shall connect the extremi- 
ties of the-diagonal of a square and lie in the square. Begin with a square S,, 
mark the extremities A, B of a diagonal, and assume a system of Cartesian 
coordinates. A and B shall be respectively the first and last points of the curve, 
and the values of the parameter ¢ corresponding to them shall be =0,¢=1. 
Let the diagonal AB be produced beyond the square in both directions. It 
will be convenient to consider the two regions C and DP into which this line 
divides the part of the plane exterior to the square, and to shade these regions 
respectively blue and yellow. We may think of them as water and land. 

First Step in the Construction.—Let S, be divided by canals and dykes of 
uniform width, as shown in Fig. 1, into 9 equal squares. The canals consist 
of the blue shaded cross leading off from the region C’, and a second short 
straight canal; a similar pair of dykes leads off from the yellow shaded region 
D (the reflection of the canals in the diagonal ABP of the square), and is shaded 
yellow. The 8 lines in which a canal and a dyke come together form a part 
of the Jordan curve which we are constructing, and are marked in red. We 
will assign to each of them parametric values ¢ as follows. 

Let the whole range of parametric values 0 =¢=1 be divided into 17 
equal intervals. Let a point P, starting from A, describe the whole boundary 
of the blue region pertaining to S,. / will first traverse two sides of the 
square numbered 1; for this square we will set aside the parametric values 
e<t<i /17 and dispose of them later. As P proceeds, it next traverses a 
red line ; to this line we assign the parametric values 1/17 = ¢ = 2/1T, repre- 
senting the codrdinates of its points most conveniently as integral linear func- 
tions of ¢, ¢ increasing as P advances. 

Next, P traverses two sides of the square numbered 2. For this square we 
will set aside the parametric values 2/17 <¢t<3/1T and dispose of them 
later. As P proceeds, it now traverses a red line; to this line we assign the 


des mathématiciens, vol. 1 (1894), p. 23, question 60 and vol. 3 (1896), p. 39. But 
PEANO’s curve has multiple points, and hence is not a *‘ Jordan curve.’? JURGENS has shown 
that a plane region cannot be mapped in a one-to-one manner and continuously on a segment of 
a right line; Jahresbericht der deutschen Mathematiker-Vereinigung, vol. 7 
(1899), p. 50. As regards PEANO’s space-filling curve ef. further HILBERT, Ueber die stetige 
Abbildung einer Linie auf ein Flachenstiicvk, Mathematische Annalen, vol. 38 (1891), p. 459, 
and Moore, On certain crinkly curves, Transactions Amer. Math. Soe., vol. 1 (1900), 
p. 72. 

* For simply connected regions of which the above is not true, cf. Oscoop, Transactions 
Amer. Math. Soc., vol. 1 (1900), p. 310. 
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parametric values 3/17 = ¢ = 4/17, representing the codrdinates of its points 
most conveniently as integral linear functions of ¢, ¢ increasing as P advances. 
Repeating these steps, we finally arrive at B. Each one of the 8 pieces 
of the Jordan curve we are constructing has been represented in parametric 
form : 
(t), 


(n=1,2,---8). 
17 17 

Hitherto we have said nothing about the width of the canals and dykes, ex- 
cept that it is to be uniform. We will take the area of the square S, as unity 
and determine the breadth of the canals and dykes so that their total area shall 
have the arbitrary value a, <1. 

Second Step in the Construction.—The second step consists in constructing 
canals and dykes in each of the small squares, similar to those just constructed 
in S,, and in taking the lines along which a canal and a dyke come together 
as further lines of the Jordan curve. These lines will be marked in red. In 
detail the process is as follows: We observe first of all that each one of the 
squares numbered 1 --.9 is bounded on two adjacent sides by canals and on the 
other two sides by dykes. If, then, the diagram of the canals and dykes of S, is 
suitably reduced in scale and, if necessary, turned over, it may be placed in a 
given one of the nine squares, and serve as a plan for laying out new canals and 
dykes. We consider this as done in each of the nine squares, cf. Fig. 2.* Let 
us fix our attention on the square numbered 1. We had set aside for this 
square the range of parametric values 0 <¢<1/17. This range we divide 
into 17 equal parts. As in the case of S,, so here, we have nine smaller squares 
and eight segments of right lines (the red lines). We allow a point, starting 
from A, to describe the whole boundary of the blue region pertaining to this 
square. We represent the 8 red lines in parametric form as follows : 


r=$(t),  y=¥(t), 


(n=1, 2,---8); 


and we set aside for each of the smaller squares respectively the complementary 
parametric intervals. — Similarly for each of the squares numbered 2, 3--- 9. 
The total blue shaded region is connected—in fact is a simply connected region ; 
and likewise the yellow shaded region. This completes the second step in the 
construction of the curve, except for one point; the breadth of the canals is 
arbitrary, and shall be determined as follows. 


* Owing to an oversight the boundary between the blue shaded and the yellow shaded regions 
outside the square S, does not follow the diagonal of the square, produced, as in ‘Fig. 1. It 
should follow this diagonal, as in Fig. 1. 
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Let a positive number  < 4 be chosen at pleasure, and let 
(€,> €41 )s 


be a convergent series of positive terms whose value is X. Then I will choose 
the breadth of the canals and dykes laid out in S, at the first step of the con- 
struction so that the total area of the canals shall be 


In each of the squares 1 --- 9 the canals and dykes laid out in the second step 
of the process shall have such a breadth that the area of the canals in a given 
square will be }¢,, and hence the total area for all 9 squares will be e¢,. 

The n-th Step.—It is now clear how the process of construction of the curve 
is to proceed. We are to lay out, as the third step in the process, canals and 
dykes in each of the 9° white squares and we are to choose their breadths so that 
the total area for all the new canals will be e,. Thus we get 8 x 9 new seg- 
ments of the curve, each segment being represented in parametric form, while 
for each one of the 9° new white squares is set aside a range of parametric 
values, to be disposed of later. 

Let the step be repeated indefinitely often. We thus get an enumerable set 
of (red) segments of right lines, each represented in parametric form. The 
corresponding ranges of parametric values form a set of segments J/ lying in 
the interval 0 = ¢ = 1 and having certain points of condensation.* 

The Remaining Points of the Curve.—The last step in the construction of 
the curve now suggests itself, namely, to adjoin to the curve all the points of 
condensation of the red segments not already belonging to the curve, assigning 
to each that parametric value which is the limit of the parametric values per- 
taining to those red segments which cluster about the point in question. That 
such a limit exists is clear from the fact that such a point P is at each step in 
the construction of the red segments an interior point of a white square. Let 
a positive quantity 7 be chosen at pleasure. Then it is possible to mark off a 
neighborhood of P—namely the interior of -the white square in which P lies 
when the mth step in the construction of the red segments has been taken — 
such that the parametric values ¢ assigned to the red segments of this neighbor- 


hood all lie in an interval 


t T —t, 


m m m 


For, we need only to choose this interval as the range of parametric values set 
aside for this square. Thus it appears that to the point P corresponds one 
value ¢ which is the limit approached by the values of ¢ pertaining to red seg- 


* It is readily seen that the content of the set of points of condensation of the extremities of 
their segmeuts is null. 
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ments which cluster about P. This value of ¢ we assign then to P, and thus 
to each value of ¢ in the interval 0 = ¢ =1 corresponds a single point of S,, 
two different values of ¢ always leading to distinct points of S,. 

It remains to show that the functions 


x= y=v(t), 0=¢=1, 


thus defined are continuous for all values of ¢ in the interval(0,1). If ¢ is 
an interior point of one of the parametric ranges MW, then the corresponding 
point (a, y) is an interior point of a red segment, and ¢, are continuous by 
their definition. If ¢ is not such a point, then a neighborhood of the corres- 
ponding point (2, y) may be marked off such that the parametric values of 
t corresponding to the points of the curve lying in it will differ arbitrarily little 
from the value of ¢ in question, and will completely fill a certain neighborhood 
of this value. That two distinct values of ¢ lead to two distinct points of the 
curve is evident. 

The Jordan curve is now complete. Its exterior area Ais 1—2d. For, as 
is readily shown, the interior area B of the canals is X; similarly, the interior 
area C of the dykes is X; and 


A+B+C=$1, 
the area of 

In the neighborhood of every point of the curve not an interior point of a 
red segment there lie an infinite number of points of the curve about which the 
eurve coils like a logarithmic spiral an infinite number of times. It would not 
be difficult to modify the construction in such a manner that the red segments 
shrink down to points and that the new curve has an infinite number of such 
spiral vertices in the neighborhood of every one of its points. Such a curve 
would not have a tangent in any one of its points. It may furthermore be 
remarked that Peano’s space-filling curve above cited may be obtained as the 
limit of our curve when the breadth of all canals and dykes is allowed to 
approach 0 as its limit. The assignment of parametric values must then be 
slightly modified. 

An Analogous Closed Jordan Curve.—As I said at the beginning of the 
paper, I was led to the construction of this curve by considering some of the 
possibilities for the boundary of a simply connected region. I did not think of 
this region as the blue shaded region C of the plane and the canals above 
employed, but I started with a region lying in a circle, its boundary being 
inclosed in a circular ring. Let such a ring be divided by radii into an even 
number of equal quadrilaterals, the radii of the ring being so chosen that such 
a quadrilateral may be mapped conformally on a square, the square S,, vertices 
corresponding to vertices. Then the Jordan curve that we have constructed 
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Let a positive number A < 4 be chosen at pleasure, and let 


be a convergent series of positive terms whose value is X. Then I will choose 
the breadth of the canals and dykes laid out in S, at the first step of the con- 
struction so that the total area of the canals shall be 


$a,=€. 


In each of the squares 1 ---9 the canals and dykes laid out in the second step 
of the process shall have such a breadth that the area of the canals in a given 
square will be }¢,, and hence the total area for all 9 squares will be e«,. 

The n-th Step.—It is now clear how the process of construction of the curve 
is to proceed. We are to lay out, as the third step in the process, canals and 
dykes in each of the 9° white squares and we are to choose their breadths so that 
the total area for all the new canals will be e,. Thus we get 8 x 9° new seg- 
ments of the curve, each segment being represented in parametric form, while 
for each one of the 9° new white squares is set aside a range of parametric 
values, to be disposed of later. 

Let the step be repeated indefinitely often. We thus get an enumerable set 
of (red) segments of right lines, each represented in parametric form. The 
corresponding ranges of parametric values form a set of segments Jf lying in 
the interval 0 = ¢ = 1 and having certain points of condensation.* 

The Remaining Points of the Curve.—The last step in the construction of 
the curve now suggests itself, namely, to adjoin to the curve all the points of 
condensation of the red segments not already belonging to the curve, assigning 
to each that parametric value which is the limit of the parametric values per- 
taining to those red segments which cluster about the point in question. That 
such a limit exists is clear from the fact that such a point P is at each step in 
the construction of the red segments an interior point of a white square. Let 
a positive quantity » be chosen at pleasure. Then it is possible to mark off a 
neighborhood of /—namely the interior of the white square in which P lies 
when the mth step in the construction of the red segments has been taken — 
such that the parametric values ¢ assigned to the red segments of this neighbor- 


hood all lie in an interval 


m 


For, we need only to choose this interval as the range of parametric values set 
aside for this square. Thus it appears that to the point P corresponds one 
value ¢ which is the limit approached by the values of ¢ pertaining to red seg- 


* It is readily seen that the content of the set of points of condensation of the extremities of 


their segments is null. 


| 


| 

Vi 

| 

| 
= 


N 


1903] OSGOOD: A JORDAN CURVE OF POSITIVE AREA 111 


ments which cluster about P. This value of ¢ we assign then to P, and thus 
to each value of ¢ in the interval 0 =¢ = 1 corresponds a single point of S,, 
two different values of ¢ always leading to distinct points of S,. 


It remains to show that the functions 
x= (t), y= v(t), 0=¢=1, 


thus defined are continuous for all values of ¢ in the interval (0,1). If ¢ is 
an interior point of one of the parametric ranges W, then the corresponding 
point (a, y) is an interior point of a red segment, and ¢, ¥ are continuous by 
their definition. If ¢ is not such a point, then a neighborhood of the corres- 
ponding point (x,y) may be marked off such that the parametric values of 
t corresponding to the points of the curve lying in it will differ arbitrarily little 
from the value of ¢ in question, and will completely fill a certain neighborhood 
of this value. That two distinct values of ¢ lead to two distinct points of the 
curve is evident. 

The Jordan curve is now complete. Its exterior area Ais 1—2d. For, as 
is readily shown, the interior area B of the canals is \; similarly, the interior 
area C of the dykes is X; and 


A+B+C=1, 
the area of S,. 

In the neighborhood of every point of the curve not an interior point of a 
red segment there lie an infinite number of points of the curve about which the 
curve coils like a logarithmic spiral an infinite number of times. It would not 
be difficult to modify the construction in such a manner that the red segments 
shrink down to points and that the new curve has an infinite number of such 
spiral vertices in the neighborhood of every one of its points. Such a curve 
would not have a tangent in any one of its points. It may furthermore be 
remarked that Peano’s space-filling curve above cited may be obtained as the 
limit of our curve when the breadth of all canals and dykes is allowed to 
approach 0 as its limit. The assignment of parametric values must then be 
slightly modified. 

An Analogous Closed Jordan Curve.—As I said at the beginning of the 
paper, I was led to the construction of this curve by considering some of the 
possibilities for the boundary of a simply connected region. I did not think of 
this region as the blue shaded region C of the plane and the canals above 
employed, but I started with a region lying in a circle, its boundary being 
inclosed in a circular ring. Let such a ring be divided by radii into an even 
number of equal quadrilaterals, the radii of the ring being so chosen that such 
a quadrilateral may be mapped conformally on a square, the square S,, vertices 
corresponding to vertices. Then the Jordan curve that we have constructed 
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goes over into a curve coursing the corresponding quadrilateral of the circular 


ring. Let the latter curve be reflected in a radius through one of its extremi- 
ties, and by a series of such reflections constructed in each of the quadrilaterals. 
The result is a closed Jordan curve of positive external area, bounding com- 
pletely a simply connected region contained within the outer circle. The closed 
Jordan curve separates the points of the plane into interior and exterior points, 
but the interior area of the interior of the curve is not the same as its exterior 
area. It was through the construction of such a simply connected region that 
I was led to the Jordan curve above described. 
HARVARD UNIVERSITY, 
Thanksgiving, 1902. 
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